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Abstract

In this paper, we present a new iterative scheme for finding a common point among the set of
solution of equilibrium problems, the set of solution to a variational inequality problem and the fixed
point set of k-strictly pseudo-contractive mappings in a real Hilbert space. We then prove that the
proposed scheme converges strongly to a common element which is the solution of a variational
inequality problem, system of equilibrium problems, and a fixed point of k-strictly pseudo-contractive
mappings. These results improve and generalize recent works in this direction.
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1 Introduction

Let H be a real Hilbert space with inner product (-, -) and norm || - ||. Let C be a nonempty closed and
convex subset of H and {Fx }xca a countable family of bifunctions from C' x C' to R. The equilibrium
problem associated with the family { £} }kca Where A is an arbitrary index set, is to find € C such
that

Fy(z,y) > 0,Vk e A, Vy € C. (1.1)
Assume A is singleton, we have that (1.1) becomes the equilibrium problem of finding + € C such

that
F(z,y) >0,Vy € C. (1.2)
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We denote the set of solutions of (1.2) by EP(F).

Combettes and Hirstoaga [1] in 2005, proved a strong convergence theorem for an iterative scheme

for finding the best approximation to the initial data when EP(F) is nonempty, Korpelevich [2].
GivenamapT :C — H,let F(x,z) = (T'z,z — x), Yz, z € C. Therefore problem (1.2) becomes

a variational inequality problem of finding € C such that

F(z,z)=(Txz,z—z) >0, Vz€ C (1.3)

The set of solution of (1.3) is denoted by VI(C, A).
Problem (1.1) is general since numerous problems in optimization, physics, economics, variational
inequalities and minimax problems are special cases; see ([3],[4],[5]).

Definition 1.1. Let C be a nonempty closed and convex subset of a real Hilbert space H. A map
T : C — H is said to be nonexpansive if for all x, z € C we have

[Tz —Tz|| < ||z - 2.
We denote the fixed point set of T" by Fix(T).

Definition 1.2. Let C be a nonempty closed and convex subset of a real Hilbert space H. A map
T : C — H is said to be k-strictly pseudo-contractive if there exists a constant 0 < k < 1 such that
forallz,z € C

ITz — T2 < ||z — 2I|* + kIl (I = T)x — (I - T)z|]*. (1.4)

In a real Hilbert space it follows that (1.4) is equivalent to

(Te —Tz,x —z) < ||z — z||° — %H([ —T)x— (I -T)z|> (1.5)

Definition 1.3. For any x € H, we define the map Pc : H — C satisfying
|t — Pex|| < ||z —z|| Vz€C

Pc is called the metric projection of H onto C. It is well known that Pc is nonexpansive and

(x — Pox,Pcx —z) >0 Vz € HandVz € C. (1.6)
Clearly (1.6) is equivalent to

||z — z||2 > ||z — Pc96||2 + |z — chHZ Vr € HandVz € C. (1.7)
Definition 1.4. A mapping A of C into H is called monotone if
(Az — Az, — 2z) > 0 Vz,z € C,
A is called a-inverse-strongly monotone if there exists o > 0 such that
(x — 2z, Az — Az) > a||Az — Az||* Vz,z € C,
also A is L-Lipschitz-continuous if there exists L > 0 such that for all x, z € C

|l Az — Az]| < Ljlz — 2.
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Given a monotone mapping A of C'into H, (1.6) implies the following:
z € VI(C, A) = x = Po(xz — MAz), VA > 0,

and
x = Pc(x — MAx), forsome A > 0=z € VI(C, A).

It is well known that H satisfies the Opial’s condition [?], i.e., for any sequence {z,} C H with z,, — z,
we have

liminf ||z, — z|| < iminf ||z, — z|| Vz € H with = # z.

n— o0 n— o0

Observe that the class of k-strictly pseudo-contractive mappings includes as a sub class of the
class of nonexpansive mappings i.e., when k£ = 0. The mapping 7 is as well said to be pseudo-
contractive if k = 1, and T is said to be strongly pseudo-contractive if there exists k£ € (0, 1) such that
T — kI is pseudo-contractive.

Definition 1.5. A set valued Mapping T : H — 2% is called monotone if for all z,y € H, f € Tx and
g € Ty imply that (x — y, f — ¢g) > 0. A monotone mapping T : H — 2™ is said to be maximal if the
graph G(T') of T is not properly contained in the graph of any other monotone mapping, and we say
T is maximal monotone.

It is well known that a mapping T': H — 2 is maximal monotone if and only if for any (z, f) €
HXx H, (x —y,f—g)>0forevery (y,g9) € G(T) imply that f € Tz.
Given A a monotone mapping of C into H and Ncw the normal cone to C at w € Ci.e., Now =
{xe H: (w—y,x) >0, Yy € C} and define

Aw + New, w e C,
T(w)-{@ weC

Then T is maximal monotone and 0 € Tw if and only if w eVI(C, A); see[6].

Many studies have been done on iterative methods for nonexpansive mappings in the literature,
see ([71,[8]), but that of strictly pseudo-contractive maps are far less developed because the second
term appearing in the right hand side of (1.4) posses a lot of treat in computations. However, in
1967, Browder and Petryshyn initiated the study of fixed point of strictly pseudo-contractive maps in
their work. Since strictly pseudo-contractive maps is one of the most important class of mappings in
nonlinear mappings, and has more interesting and powerful applications in solving inverse problems
see Scherzer [9], it is of high importance to develop iterative methods for strictly pseudo-contractive
maps. Recently, see ([10],[11],[12],[13]), many authors have devoted time in developing schemes for
finding fixed points for strictly pseudo-contractive maps.

Some methods, see ([3],[14],[15],[16],[17]), have been proposed by many authors to solve the
problem (1.2). Also, some authors, see ([18],[19]), have proposed iterative methods for finding
common element of fixed point set of nonexpansive mappings and the set of solutions to the variational
inequality for monotone, Lipschitz continuous mappings, the set of solution to a system of equilibrium
problems.

Combining the Mann iteration technique, the extragradient methods for variational inequality and
system of equilibrium problems proposed by Korpelevich in [2], Jian-Wen Peng, Soon-Yi Wu, Gang-
Lun Fan in [4] as well as Yonghong Yao, Yeong-Cheng Liou, Jen-Chih Yao in [20]. We consider a
new iterative scheme for finding a common element of the set of solution to a system of equilibrium
problems, the fixed point set of a k-strictly pseudo-contractive map and the set of solutions to the
variational inequality for a monotone, Lipschitz continuous mappings. We obtain a strong convergence
result for the sequence generated by our scheme. The results in this paper generalize and improve
so many well known results in the literature.
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2 Preliminaries

We present, in this section, some useful lemmas that will be used to prove our main results.
Lemma 2.1. Let H be a real Hilbert space. Then the following inequality holds;
lz — ylI= llz]*~2(z, ) + lly|)® (2.1)
forallx,y € H.
Lemma 2.2. Let H be a real Hilbert space. Then the following inequality holds;
lz + y 1< ll2l*+2(y, = + y) (2.2)
forallxz,y € H.
Lemma 2.3. [21] Let H be a real Hilbert space. Then the following inequality holds;
Iz + (1= NylP= M+ = Myl =21 = Nz -y (2.3)
forallz,y € H, A € [0,1].
Lemma 2.4. [22] Let {a,} be a sequence of non negative real numbers such that
an+1 < (1 = op)an + onnn + On, n>1 (2.4)
where -
(i) {on} C[0.1), D on = o0;
n=1

(3t) limsupn, < 0;

n— oo
(i) 6n 2 0,n > 1, Y 6p < 0.
n=0
Then,

lim a, = 0.
n— oo

Lemma 2.5. [23] Let X be a Banach space, {z,},{y.} be two bounded sequences in X and {.}
be a sequence in [0, 1] satisfying

0 < liminf 8, < limsup B, <1
n—oo n—oo
Suppose that n+1 = Bnxn + (1 — Bn)yn, Yn >1and
thUP{Hyn+1 - ynH_HfI;'rH»l - an} S 07
n—oo

then lim |lyn — zx| = 0.
n— oo

In order to solve the equilibrium problem, we assume that the bifunction F' satisfies the following
conditions imposed in [3]:
(A1) F(z,z) =0forallz € C;
(A2) F is monotone, i.e F(z,y) + F(y,z) < 0forany z,y € C,
(A3) For each z,y,z € C,

lim F(tz + (1 —t)z,y) < F(z,y);
t—0

(A4) Foreach z € C, y — F(z,y) is convex and lower semicontinuous.
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Lemma 2.6. [3]Let C' be a nonempty, closed and convex subset of H and let F' be a bifunction from
C x C to R satisfying (A1)-(A4). Letxz € H andr > 0. Then there exists c € C such that

F(C7y)+ %(y—c,c—x) 20
forally € C.

Lemma 2.7. [1]Let C' be a nonempty, closed and convex subset of a real Hilbert space H. Let F
be a bifunction from C x C to R satisfying (A1)-(A4). Forx € H and r > 0, define a mapping
TF . H — C as follows:

TTF(;I:):{cEC:F(c,y)—I—%(y—c,c—:c)>O,Vy€C}

for all x € H. We then have that the following statements hold:
(1) TF is singled-valued;
(2) TF is firmly nonexpansive, i.e, for any z,y € H,

IT () = TY (P < (T (2) = T, (y), 2 — y);

(3) Fix (IF) = EP(F);
(4) EP(F) is closed and convex.

Lemma 2.8. [24]Let T : C — H be k-strictly pseudo-contractive mapping.
Define S : C — H by
St=azr+ (1—-a)Tz

foreachx € C.
Then, as a € [k,1), S is nonexpansive such that Fixz(S) = Fix(T). We call S the S-mapping
generated by T.

Lemma 2.9 (Demi-closed principle). Let C be a nonempty closed convex subset of a real Hilbert
space H. LetT : C — C be a \-strictly pseudo-contractive mapping. Then I — T' is demi-closed at
o,ie.,ifr, ~rveCandx, —Tx, — 0, thenxz = Tx.

3 Main Results

Theorem 3.1. Let C' be a nonempty, closed and convex subset of a real Hilbert space H. For each
k =1,2,---,m, let Fy, be a bifunction from C' x C to R satisfying (A1)-(A4) and A be a strongly
monotone and L-Lipschitz continuous mapping of C into H. LetT : C — C be a k-strictly pseudo-
contractive mapping and S be the S-mapping generated by T', such that Q := Fiz(T)NVI(A,C)N
(N, EP(Fy)) # 0. Suppose {z,};, is iteratively generated by u,xz1 € C,
un = T Lo S - T2 T,
Yn = PC(un - )\nAun)7

(3.1)
qn = Po(un — AnAyn),

Tn+1 = (1 — Bn)Tn + BnSqn — O‘n(xn - u)

foralln = 1,2,---, and {an}, {Bn}, {\n} and {rxn}, k € {1,2,--- ,m} are sequences of real
numbers satisfying the following conditions:
(B1) limn o0 otn =0 and >0 | o = 00;
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(B2) 0 < liminf, oo Bn < limsup,,_, o Bn < 1;

(B3) (An),, C (0, 1), limn o0 An = 0;

(B4) liminfp oo 7k,n > 0 @and limp— o0 |Tk,nt1 — Tk,n| = 0 foreach k € {1,2,--- ;m}.
Then the sequences {z,}, {u~}, {g.} and {y.} converge strongly to the common point
xz* € Q, given by z* = Po(u).

Proof. We shall divide the proof into 8 steps as follows:

Step 1: We show that the sequence {x,,} is bounded.
Letp € F(T). We take G* = T}, --- T2, T for each k € {1,2,--- ,m} and G = I for all n,
hence u, = G'xy.
Let p € Q. By (3) of Lemma2.7 for each k € {1,2,--- ,m} T;*, is nonexpansive and p is a fixed
point of T3:%,,, we have that

s

lun = pll = |G @n — Gi'pll < [lzn —pll, VR EN (3.2)

By using (1.7), the fact that A is monotone and that p € VI(C, A), we have the following

lgn —pl* < lun — AnAyn — plI* = [lun — Ao Ayn — gull”
= Jun = 2l° = llgn — unll® + 220 (Ayn,p — qn)
= lun = plI* = llan — unll® + 220 ((Ayn — Ap,p — yn) + (Ap,p — yn)
+(AYn, Yn — qn))
< lun = plI* = llgn = unll? + 220 (Ayn, yn — qn)
< lun =l = [t = ynll* = 2(un = Yns Yn — gn) = llyn — @nl?

+2)‘W<Aynayn - qn>
=pl* = llun — yall® = lyn — @nll® + 2(tn — AnAYn — Yn, @n — yn).

I
B
3

Now, vy, = Pc(un — AnAus,) and A L-Lipschitz continuous gives that

(Un = AnAYn = Yn, qn — Yn) (un — AnAUn — Yn, Gn — Yn) + (AnAtn — A AYn, o — Yn)

S <AnAun - )\nAy'ru Qn - yn>
< AaLllun = yallllgn — ynll-
Therefore
lgn —plI> < llun = plI* = llun = yall® = lyn — @ull* + 2Ma Lljwn — ynllllgn — ynll
< lun = 2l = llun = ynll® = lyn — @all® + AL lun — yall® + llgn — ynl®
= lun =l + ALL? = 1)|Jun — ynl|®
< jun —pl? (3.3)

Now using the fact that A is L— Lipschitz continuous and monotone, we have

lyn —plI* = [[Pe(un — AnAus) — Po(p — A Ap)|?
< lun —p = An(Ap — Auy)|?
< lun = pl* + L2A% lun — pl|* + 2LA0 ||un — pl|?
= (14 LX)?||lun — p|*.
Hence by (3.2) we have
lyn — pll < (1 + LAn)||@n —pl| Vn > 1. (3.4)

517



British Journal of Mathematics and Computer Science 4(4), 512-527, 2014

We have
|[Zn1 —pl = ||( 5n>xn + BnSqn — an(wn —u) = p|
= ||(1 /Bn)( _p)+5n(SQn—p)_an($n_ P) + an(u —p)|
= ||(1_ﬁn_an)($n_p)+ﬂ7z(SQ7z_ )+O¢n u—p H
Using (3.2), (3.3) and Lemma2.8 we have
Ip = Sgull* = 1Sp — Sanll® < llp — qnl® < [lzn — pII>. (3.5)

Hence

N

(1= B —an)llzn = pll + Bullzn — pll + anll(u —p)||
(1 —an)llzn — pll + anllu —pl|
max{||zn —pl|, [lu — pl}- (3.6)

ln+1 — pll

IN

Inductively, we get
[2n — pll< max{[lz1 —pl, [[u —pl}-
Hence, {z,} is bounded. From (3.2), (3.3) and (3.4) we as well obtain that {u.},{¢.} and {y.}
are bounded.
Since the mapping A is Lipschitz continuous, we also obtain the boundedness of the sequences

{Az,}, {Aun}, {Ayn}.
Also, since S is nonexpansive, we obtain that {Sz,} and {Sg¢.} are bounded, using Lemma 2.8.
Indeed,

1Sz — pll= [|Szn — SPI< [ln — pll (3.7)
and

1San — pll= [1Sgn — SplI< llgn — pl|- (3.8)
Hence, boundedness of { Sz, } and {Sg» } follows from the boundedness of {x.. } and {q¢. } respectively.

Step 2

Let {s.} be a bounded sequence in C. We shall show that

lim |G s — Gy 50|= 0. (3.9)

n—00

By step 2 of the proof of Theorem 3.1 in [25], it follows that for any k € {1,2,--- ,m},

lm (|77, 1 sn — Tk sn = 0. (3.10)

n— oo

Using condition 2 of Lemma 2.7 (T} =n IS nonexpansive) and the definition of G}, we have

G sn = Gilyasall = NTEa G s = T 1 Gl sl
< HTTI:;nnGm ! _Trlj;nnHG:zn_lSn||+||Trlj:ln+1GT_15n_ 'rlj;n,n+1G:Ln-&-_115"||
< T, G sy = T A G s [ G T 0 — G sl
< T G s = T G s T G s — T G2
HIGT 50 — G sl
< I\Tf,’fnGm Yo = T G s I T G s = T G s

+et HTT'22,7LG7LSn - r2 n+1Gn5nH+HT£In - Tvljl,nsﬂH'
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from which (3.9) follows by (3.10).

Step 3: limp oo ||Tnt+1 — Za]|= 0
We know that u, = Gz, and un41 = G 12n4+1. We then have that

[un = uns1l] = IGr'an — Gilpanaa|
< GRwn = Grlazal GRG0 — GRla@na ||
< HGgwn 7Gn+1xn+1”+|‘xn 755714-1“' (38.11)
Now observe that
lgn+1 —qnll = [Po(unt1 — Ant1Aynt1) — Po(un — AnAyn)||
< H(unJrl - )\n+1Ayn+1) - (un - AnAyn)H
= funt1 —un — Ang1(Auntr — Aun) + A1 (Auntr — Aynir — Aun) + AnAyn) ||
< lunes = wnllFAnsa [ At — Avl+ A1 [ Attnss — Ay — At +20]| Aya|
< s = wnllF LA [ At s — Aua |4 An 1 [Attnsr — Ayner — Aun ||+ 00| Aga
< unsr = unll+(Anga + An) M, (3.12)

where M is a constant such that

M > sup{kl| Auns1 — Aun |+ Atins1 — Agasr — Aun || Agn}
n>1

Hence, from (3.11) and (3.12) we have
lgnr —anll < G20 — GRlprzall+l|Zn — Tnga [+ (Ansr + An) M.

We define the sequence {z,} to be such that for any n > 1

Bnzn = Tnt1 — (1 — Bn)Tn. (3.13)
Therefore
HZ 2 || _ Tn4+2 — (1 - 6n+1)$n+1 _ Tn+1 — (1 - /Bn)xn
ﬂn+1 671,
I (1 = Br+1)Tn41 + Bot19G¢n+1 — ant1(@n+1 — u) = (1 = Bng1)Tnt1
/Bn+1
B (1 =Bn)zn + BnSqn — an(xn —u) — (1 — Bn)zn i
Bn
= qu'rH—l - Sqn — M(xn+1 —u) + %(mn —u)
Bn+1 Bn
[67%) Qn
< Nansr = gall + ZEE I = sl + FElfu = 2l (3.14)

Hence, by (3.13) and (3.15), we obtain

Qn41

BnJr

«
lu = znpall + 25 lu— 2

B

[2n41 = zall=llen — znall < GR2n — Grlaan| +
Therefore, by conditions (B1)-(B3) we have

limsup (||zn+1 = 2n[|=l|lZn — Znta]]) <O
n—o0
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By Lemma 2.5, we then have

from which it follows that

lim ||z, — x| =0,
n— oo
lim ||Tnt1 — Zn|| = lim By|zn — sl = 0. (3.15)

We obtain also from (3.9), (3.11), (3.12) and (3.15) that

and

Step 4: lim,— o0 ||un — gn||= 0.

We know that

Observe that

l[n — Sqnl|

Hence,

lim [|gnt1 —gnll =0

n— oo

lim ||unt1 — un|| = 0.

n—oo
< Hmn+1 - 55n|| + ||33n+1 - San
= |lzns1 — @all + [|(1 = Bn)zn + BnSqn — an(@n — u) — Sgn||
< lonsr = znll + (1 = Bn)llzn — Sgn|| + anllzn — ul|. (8.17)
Brllzn — Sgnll < [Znt1 — | + anflzn — ull. (3.18)

It follows from conditions (B1) and (B2) that

Now

lim ||zn — Sqn||= 0. (3.19)
n— o0

Therefore by condition (B3), we have

lyn —anll < ||Po(un — AnAyn) = Po(un — AnAun)||
< Hun - )\nAyn — Un — )\nAunH
< AnLllyn — unll
< A\ LM,, forsome M; > 0. (3.20)
lim [|yn — gn|[= 0. (3.21)
n—o0

For all p € , by using Lemma (2.8), (3.2) and (3.3), we have

|77+ —P||2

<
<

N

N

N

(1 = Bn)Tn + BnSqn — an(zn —u) — pl|°

(1 = Bn)an + BuSan — plI* + 20z — ull|(1 = Ba)2n + BnSgn — p
+apl|zn — ul?

(1= Bn)llzn — plI* + BnllSgn — pII®

+200n ||z — ullll(1 = Bn)an + BnSan — pll + o ||zn — ul)?

(1= Bu)llzn = plI* + Bullgn — pII* + 200 ||z — ulll|(1 — Bn)an

+BnSqn _pH + ainn - UH2

(1= Bo)llzn = plI* + B [lzn — plI* = (1 = ML) [Jun — yn?]

+2an||zn — ull[|(1 = Bn)zn + BnSan — pll + o [z — ull®. (3.22)
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It follows that
1
< -
o1 -)X2L2 [
+oi |z — ull[|(1 = Bn)xn + BSan — pll + o l|lwn — ul|’]. (3.23)

[ l2n = pll + [lZn1 = pI)I2nt1 — znll

By condition (B1) and step 3, we have

lim [|un — ynl||= 0. (3.24)
n—oo

Hence, since

lun = gnll < llun = yull + llyn — anll, (3.25)

we have
lim ||un — gn||= 0. (3.26)
n—oo

Step 5: lim, o0 ||GEan — GE 2, ||= 0,k =1,2,--- ,m.
Let p € Q. Firmly nonexpansiveness of Tﬁfn foreach k = 1,2,--- ,m gives
IGrzn —pl* = TR Gn an = Trkapl®

< (Gran —p, Gy laa —p)
= 5 (IGk e — bl +1GE ™ 0 = 9 ~ Ghrn — G572 ) . (3.27)
Therefore, we obtain that
|Gran —plI> < G wn =l = |Ghzn — Gi el for k=1,2,---,m, (3.28)
which implies that for each k € {1,2,--- ,m},

IGran —plI* < Ghan —pl* = |Gran — Gu™ @l =GR 20 — G 2w ?
— = |Gran — Granl” = |Gran — Graa|®

< lon = pl? = 1Ghan — Gi ). (3.29)

Now, using the fact that u,, = G;'x,,, Lemma 2.2 and (3.3) , we have

Hxn-H _pH2 = ||(1 — Bn)Tn + BnSqn — an(Tn —u) — pH2

< ”(1 - Bn — O‘ﬂ)(xn _p) + Bn(San — p)H2 + 2an<u —P;Tn+1 _p>

= [t = (Bn + an))(@n — p) + (an + Ba)(Sqn — ) — an(Sgn — p)|*
+2an{u — p, Tn+1 — p)

< [ =Bt an)llzn —pl* + (an + Ba)llun — pl?
+20n(p — Sn, Tnt1 — p) + 200 (U — P, Tns1 — p)

< 1= B+ an)llen —pl” + (an + Ba)|Gran — pl?
+20m (p — Sqn, Tnt1 — p) + 200 (u — P, Tnt1 — p).

Therefore,

(an + Bu)l|Gran = Gn~zal® < Jlon = plI* = llznss —p)?
+2an[|ntr = pllllen — pll + [lu = plllznt1 — pl]
< (lzn = pll + ll#ns1 — p)llzns — zall
2o [[|entr = pllllzn — pll + [l = pllllznta — pll]-
Using condition (B1) and that ||z,+1 — zx|| — 0, we obtain that

lim |GEz, — GE e, ||= 0. (3.30)

n— 00
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Step 6: lim,— o0 || Syn — yn||=0.
Observe that
1Sy = ynll < [1Syn — Squll+[1San — zall+|Gozn — Gran|+]Ghan — Ghan])
o |G e — G ||l un — Y|
< yn = ull+11San — 2all+|Goan — Gran||+]|Gran — Gaza||

o |G e — G ||+ un — ynl- (3.31)
Therefore,
lim ||Syn — yn||= 0. (3.32)
n—r oo

Step 7: limsup,, , . (u — z*,z, — ") < 0 where z* = Po(u),
e, (z* —u,z—2") 20 Vz € Q.
Let {z,, } be a subsequense of {x,} such that
lim (u — 2", x,, —2") = limsup(u — 2", z, — z"). (3.33)
J—o0 n— oo
Using the boundedness of {1}, there exist a subsequence {zy,, } of {zn,} such that z,; — w.
Without loss of generality, we assume that z,,; — w.
We show that w € Q.
By step 5,
HGﬁxn - G’f,flan —0 for each k=1,2,--- m,
which implies that Gz, — wforeach k =1,2,---,m.
Since |lun — yn|| — 0 and [Jun — ga|l — 0, we have that u,; — w, yn; — w and gn; — w.
Also, {un;} C C and C'is closed and convex implies that w € C.
(7) We show that w € Fiz(S) = Fixz(T).
By Lemma 2.9 and step 6, we obtain that w € F(S) = F(T).
(#4) We show that w € [, EP(F&).
By Lemma 2.6, foreach k = 1,2,--- ,m, we have

1 X
Fy (Gﬁmn,y) + o <y — Gﬁmn,Gﬁxn - folmn> >0, VyecC.

It follows from (A2) that

1 <Z/ — Ghan,Ghay — G5_1$n> = Fy (y, Gﬁrn) , Yy € C.

T’IL
Therefore, foreach k = 1,2,--- ;m, we have

k k—1
ana:nj - an T,

k
<y_an$nj7 T

J

> > Fi (3, Ghan, ) Wy € C.

By (A4), we have
Gﬁxn — G’ffl:cn.
J J J J

Tnj

k
— 0 and anxnjéw.

Hence, foreach k = 1,2,--- ,m,
Fr(y,w) <0, Vy € C.

Define
ys = (1 — s)w + sy, Vye C and se€(0,1].

By the convexity of C, we have that ys € C from which it follows that

Fr(ys,w) <0, foreachk =1,2,--- ,m.
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Using (A4), we have

OZFk(yS7y5) SFk(ySvy)—'_(l_s)Fk(yS’w)

<
< SFk(ySay)'

Since s # 0, we obtain that
Fy(ys,y) = 0.

By (A3), forany y € C, Fir(w,y) = lim Fi(ys,y) =0, foreachk=1,2,--- ,m.
S§—00
Therefore foreach k = 1,2, --- ,m, w €EP(F}), which gives that
w € () EP(Fy).
k=1
(iii) We show that w €VI(C, A).
Define the set-valued mapping T from H to 27 i.e., T : H — 2" by

Aw + Ncwh w1 € 07
Tw1 =
@, w1 §é C.

Where N¢ is the normal cone to C at w; € C.

The mapping T in this case is maximal monotone, and 0 € Tw;, if and only if w; €VI(C, A), see[6].
Let (w1, h) € G(T). It follows that Tw, = Aw; + Ncw, therefore h — Aw; € Neow:. Hence we obtain
that (w1 —s,h — Awi) > O0forany s € C. Since ¢ = Po(un — AnAy,) and wy € C, we have

<un - )\nAyn —Qgn,gdn — U)1> 2 0

Therefore
(w1 = o, L1 4 Aya) > 0 foreach n > 1.
n
Hence
(@n; —wih) < (gn; —wi, Aw)
A q”j - unj A
< <an - Wi, w1>_<q"j _wh)\i—i_ ynj)
nj
Gn; — Un,
= <an — w1, Awr — Ayn; — %>
nj
<an — w1, Awy — Aq'n]> + <q7’Lj — Wi, Aq’ﬂj - Ay”.i>
qn; — Un;
—(qn; — w1, ﬁ>'
So
Qn. — Un;
<q'nj — w1, h) < <an — wl,Aqnj — Aynj> - <(Inj — wq, %>

J
Hence it follows that

(w1 —w, h) = 0.
Since T is maximal monotone, we have w € T~'0, and it follows that w €VI(C, A).
(i),(ii) and (iii) give that w € Q.

Therefore
limsup(u — 2", 2, —2") = lim (u—2z",z,;, —z")
n— oo J—0o0 ’
= (u—z",w—2")<0. (3.34)
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Step 8: lim, o0 ||zn — z*||= 0.

lznss =27 = NI(1 = Br)an + BnStn — an(zn —u) — 2" |

(1= Bn)(@n —2") + Bn(Sgn — %) — an(zn — ") + anlu — m*)||2
(1= Brn — an)(@n — ") + Bn(Sqn — ") + an(u — m*)HQ

(1 = B — an)(@n = 2") + Bu(San — ") ||* + 20m(u — ", 2ni1 — ")

(1= @)l — 2| + 200 {u — 2", @s1 — 2°)

NN

* o * * *
(1= 20n)l|on = "I + 200 [ S llon — 7| + (u = 2", 2nis — 7))

Using Lemma2.4 and (3.34), it follows that lim ||z, — z"|| = 0.
n— oo

Using (3.3),(3.2) and (3.4) we obtain that the sequences {g¢.}, {u.} and {y.} converge to z*. This
completes the proof. O

4 Applications

The following are direct applications of our main result:

Corollary 4.1. Let C be a nonempty, closed and convex subset of a real Hilbert space H. For each
k =1,2,---,m, let Fy, be a bifunction from C x C to R satisfying (A1)-(A4) and A be a strongly
monotone and L-Lipschitz continuous mapping of C into H. LetT : C — C be a nonexpansive
mapping such that Q := Fiz(T) N VI(A,C) N (N2, EP(F)) # 0. Suppose {zn}2, Is iteratively
generated by u,z1 € C,
Un = Twﬁ‘;ﬂ,nTTIi;n—illyn T T’riz,nTrF;l,nxnv
Yn = PC(un - )\nAun)a

(4.1)
Gn = Po(un — AnAyn),

Tn4+1 = (1 - ﬁn)xn + Bann - Oén(l'n - ’LL)

foralln = 1,2,---, and {an}, {Br}, {\n} and {rxn}, k € {1,2,--- ,m} are sequences of real
numbers satisfying the following conditions:

(B1) limn o0 an =0 and >0 | o = 00;

(B2) 0 < liminf, o0 B < limsup,,_, . Bn < 1;

(B3) limy 00 Ap = 0;

(B4) liminf,, oo 7k,n > 0 @and limy, o0 |7k, nt1 — Tk,n| = 0 foreach k € {1,2,--- ;m}.

Then the sequences {z.}, {un}, {¢n} and {y»} converge strongly to the common point

xz* € Q, given by ¥ = Pq(u).

Proof. The conclusion follows immediately by Theorem 3.1, since we have that T' is a nonexpansive
mapping. O

Corollary 4.2. Let C be a nonempty, closed and convex subset of a real Hilbert space H. Let A
be a strongly monotone and L-Lipschitz continuous mapping of C info H and T : C — C be a
nonexpansive mapping such that T' := Fix(T) N VI(A,C) # 0. Suppose {z,};>. is iteratively
generated by u,x1 € C,

Yn = Po(xn — AnAzy),
(4.2)
Tn+1 = (1 - /Bn)l'n + BnTPC(fEn - A1’lf4yn) - an(l‘n - u)
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foralln =1,2,---, and {a.}, {8.} and {\,.} are sequences of real numbers satisfying conditions
B1-B3.

Then the sequences {z.} and {y.} converge strongly to the common point

x* €T, given by * = Pr(u).

Proof. Let Fy,(z,y) = 0forany k € {1,2,--- ,m}, forallz,y € C and r, = 1 ¥n € N in Theorem
3.1. It follows that 7., = I (the identity mapping) ¥n,m € N, i.e., u, = x, ¥n € N. Clearly
the conditions of Theorem 3.1 hold. Therefore we obtain that the sequence {xz..} generated by 4.2
converges to the point z* € T" with z* = Pr(u). O

Corollary 4.3. Let C be a nonempty, closed and convex subset of a real Hilbert space H. Let A be a
strongly monotone and L-Lipschitz continuous mapping of C into H. Suppose {x, }7>, is iteratively
generated by u,xz1 € C,

Yn = Po(xn — AnAzy),
(4.3)
Tn+1 = (1 - ,Bn)xn + /BnPC(xn - /\nAyn) - an(xn - u)
foralln =1,2,---, and {a}, {8.} and {\,.} are sequences of real numbers satisfying conditions

B1-B3.
Then the sequence {x.} converges strongly to ™ € C, given by &* = Py (a,c)(u).

Proof. Let Fi(z,y) =0forany k € {1,2,--- ,m},forallz,y € C and r,, = 1Vn € Nin Theorem 3.1.
It follows that 75, = I (the identity mapping) Vn,m € N, i.e., u, = x, ¥n € N. Letting T = I (the
identity mapping), clearly the conditions of Theorem 3.1 hold. Therefore we obtain that the sequence
{zn} generated by 4.3 converges to the point ™ € VI(A, C) with z* = Py r(a,0)(u). O

Remark 1. Using Corollary 4.3, we have an iterative scheme to obtain the solution of a variational
inequality problem involving a monotone and L-Lipschitz continuous mapping A.

We apply Corollary 4.3 directly to the following variational inequality problem.

Proposition 4.1. Let M be an x n positive definite matrix, let C be a M -invariant closed subspace of
R™ andb e C. We define F: C — C by F(z) = Mz +b. Suppose {z., }n-, is iteratively generated

byu,z1 € C,
yn = Po(xn — AnAzy),
(4.4)
{ Znt1 = (1 = Bn)xn + BnPo(n — MAyn) — an(zn — u)
foralln =1,2,---, and {a.}, {8.} and {\,.} are sequences of real numbers satisfying conditions
B1-B3.

Then the sequence {x..} converges strongly to a unique pointx* € C, given by =™ = Py (a,c)(u).

Proof. Since M is positive definite, we obtain that F' is strongly monotone. It is also easy to see that
F is a Lipschitzian mapping with Lipschitz constant ||M||. The strong monotonicity of F' guarantees
a unique solution z* € VI(F,C). Therefore, by Corollary 4.3, the sequence {z.} generated by 4.4
converges to the point 2™ € VI(A, C) with z* = Pya,c)(u). O

5 Conclusion

In this work, we have shown that the proposed scheme (3.1) converges strongly to a common point
of the set of solution of equilibrium problems, variational inequality problem and the fixed point set
of a k-strictly pseudo-contractive mapping in Hilbert spaces. We also gave some applications of our
result. More interestingly we applied our result in solving a classical variational inequality problem.
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