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Abstract

Recently the existence of random attractors for a stochastic reaction-diffusion equation without
distribution derivatives has been studied by many authors, the existence of global attractors
was established for the deterministic reaction-diffusion equation with distribution derivatives has
been studied by Sun et al. in [1, 2]. In this paper, we prove the existence of random attractors
for a stochastic reaction-diffusion equation with distribution derivatives and multiplicative noise
defined on unbounded domains. In order to obtain the asymptotic compactness of the random
dynamical system, we make use of a priori estimates for far-field values of solutions as well as
the cut-off technique.
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1 Introduction

In this paper, we investigate the asymptotic behavior of solution to the following stochastic reaction-
diffusion equation with distribution derivatives and multiplicative noise defined in the entire space
R™ :

du + (ou — Au)dt = (g(z,u) + f(z) + D; f7)dt + bu o dW (t), (1.1)

with the initial value condition
u(z,0) = uo(z) , z € R", (1.2)

where —A is the Laplacian operator with respect to the variable x € R™, u = u(z, t) is a real function
of x € R™ and ¢t > 0; «, b are proper positive constants; D; = a%j is distribution derivatives; f7, f €
L*(R™) (j=1,2,....,n); g is a nonlinear function satisfying certain conditions; W (t) is a two-sided
real-valued Wiener process on a probability space (2, F,P), where Q = {w € C(R,R) : w(0) = 0},
F is the Borel o -algebra induced by the compact-open topology of €2, and P is the corresponding
Wiener measure on F; o denotes the Stratonovich sense in the stochastic term. We identify w(t)

with W (t), ie., W(t) = W(t,w) = w(t), t€ R, (see [3]).

It is well known that the asymptotic behavior of a random dynamical system is presented by a
random attractor. The existence of random attractors without distribution derivatives has been
studied by many authors, see [4, 5, 6, 7, 8, 9, 10, 11, 3] and the reference therein. Notice that
the partial differential equations (PDEs) studied in these literatures are all defined on the bounded
domains.

In the case of unbounded domains, the existence of random attractors without distribution derivatives
was established for the stochastic reaction-diffusion equation with additive noise in Bates et al. [12],
and with multiplicative noise in Wang and Zhou [13].

Recently, in our case of distribution derivatives on unbounded domains, the existence of global
attractors was established for the deterministic reaction-diffusion equation with distribution
derivatives in [1, 2], and for the stochastic reaction-diffusion equation with distribution derivatives
and additive noise in [14].

However, there are no results on random attractors for stochastic reaction-diffusion equation with
distribution derivatives and multiplicative noise on unbounded domain.

In this article, we will use the idea of uniform estimates on the tail of solutions to investigate
the existence of a random attractor of the stochastic reaction-diffusion equation with distribution
derivatives and multiplicative noise on unbounded domain. Since the equation (1.1) include the
distribution derivatives, we cannot use —Awv as the test function to obtain a priori estimates of
solution in a higher regular space. That is the essential difference from [13]. Besides, we decrease
the condition of the nonlinear function g(x,u) comparing the condition of [13].

This paper is organized as follows. In section 2, we recall some basic concepts and properties for
general random dynamics system. In section 3, we provide some basic settings about (1.1) and
show that it generates a random dynamical system on L?(R™). In section 4, we prove the uniform
estimates of solutions, which include the uniform estimates on the tails of solutions. In the last
section, we first establish the asymptotic compactness of the solution operator by given uniform
estimates on the tails of solutions, and then prove the existence of a random attractor.

In the sequel, we use || - || and (-, -) to denote the norm and inner product of L?(R™) , respectively.
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2 Preliminaries

As mentioned in the introduction, our main purpose is to prove the existence of the random
attractor. For that matter, first, we will recapitulate basic concepts related to random attractors
for stochastic dynamical systems. For more details, see [4, 15].

Let (X,|| - ||x) be separable Hilbert space with the Borel o-algebra B(X). Let (Q,F,P) be a
probability space.

Definition 2.1. [4] (Q,F,P, (9¢)ier) is called a metric dynamical system if ¥ : R x Q@ — Q is
(B(R) x F,F)-measurable, ¥¢ is the identity on Q, ¥sy¢ = J; 09, for all s,t € R and ¢, P = P for
all t € R.

Definition 2.2. [4] A continuous random dynamical system (RDS) on X over a metric dynamical
system (Q, F,P, (J¢)ter) is a mapping

6 RTxOAx X — X, (twx)— ¢tw,z),

which is (B(RT) x F x B(X), B(X))- measurable and satisfies, for P-a.e. w € €,

(i) ¢(0,w, -) is the identity on X,
(i) (t + s,w,-) = ¢(t, 95w, ) 0 d(s,w, ) for all t,s € R,
(iii) ¢(t,w,-) : X — X is continuous for all £t € RT.
Hereafter, we always assume that ¢ is continuous RDS on X over (Q, F,P, (¥¢)cr).

Definition 2.3. [4] Let © be a collection of random subset of X and {K(w)} € ©. Then {K(w)}
is called a random absorbing set for ¢ in © for every D € © and P-a.e, w € Q, there exist to(w)
such that

o(t,9_+w, D(V—_+w)) C K(w) for all t > to(w).

Definition 2.4. [4] Let © be the set of all random tempered sets in X. Then ¢ is said to
be asymptotically compact in X if for P-a.e. w € Q, {¢(tn, -1, w, Xn)}ney has a convergent
subsequence in X whenever ¢, — oo, and X,, € B(J_,w) with {B(w)} € D.

Definition 2.5. [4] A random compact set {A(w)} is said to be a random attractor if it is a
random attracting set and ¢ (¢, w, A(w)) = A(¥_,w) for P-a.e. w € Q and all ¢ > 0.

Theorem 2.6. [15] Let ¢ be a continuous random dynamical system on X over (Q, F,P, (%¢)tcr).
If there is a closed random tempered absorbing set {K(w)} of ¢ and ¢ is asymptotically compact
in X, then {A(w)} is a random attractor of ¢, where

Aw) = o(r.9 7w, K@ -w)), weQ.

t>0 7>t

Moreover, {A(w)} is the unique attractor of ¢.

3 Random Dynamical System

In this section, we show that there is a continuous random dynamical system generated by the
stochastic reaction-diffusion equation defined on R™ with distribution derivatives and multiplicative
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noise in (1.1) - (1.2), where g(z,u) i

in ) is a nonlinear function satisfying the same condition as
[13], but except the condition |%(1:, u

(1.1
)| < g(x) for all x € R™ and u € R.

g€ C'(R" x R,R), (3.1)
9(z,0) =0, g(z,u)u<0, forall z€R" and ué€R, (3.2)
%(m,u) <e forall z€R", and u€R, (3.3)

u
sSup sup |@(:c,u)| < L(r), forall z€R™, uweR and reRT, (3.4)

zER™ |u|<r ou

where € is a non-negative constant, L(-) € C(RT,R™).

To model the random noise in (1.1), we need to define a shift operator { }icr on © (where  is
defined in the introduction) by

Yew() =w(-+1t) —w(t), teR,
then (Q, F,P, {¥:}icr) is an ergodic metric dynamical system, see [4, 15].

For our purpose, it is convenient to convert (1.1) into a deterministic system with a random
parameter, and then show that it generates a random dynamical system.

We now introduce an Ornstein-Uhlenbeck process given by the Brownian motion. Put
0
z(Mhw) = —/ e’ (%w)(s)ds, tER, (3.5)

which is called the Ornstein-Uhlenbeck process (see [4]) and solves the Ité equation

dz + zdt = dW (). (3.6)

From [4, 12, 16, 17], it is known that the random variable z(w) is tempered, and there is a -

invariant set 2 C Q of full P measure such that for every w € Q, ¢ — z(Yww) is continuous in t;

lim¢— 400 W =0; and lim;_ 400 % fg z(Ysw)ds = 0.

To show that (1.1) generates a random dynamical system, like in [13], we let
o(t) = e Py (1), (3.7)

where u is a solution of (1.1). Then we can consider the following evolution equation with random
coefficients but without white noise:

Z—;} +av — Av = e ) (g(z, PPy & f(x) + D, f7) + bz(diw)v, (3.8)

with the initial value condition
v(z,0) = vo(z) = e *yg(z), = e R™ (3.9)
We will consider (3.8)-(3.9) for w € Q and write Q as Q from now on.

By using the standard Galerkin method following, see [18, 19], one may show that (3.8) has a
unique solution v(#,w, vo) which is continuous with respect to vo in L*(R™) for all ¢ > 0. Then (3.8)
generates a continuous random dynamical system {¢(t)}:>0 over (2, F, P, {0:}+er), where

o (t,w,v0) = v(t,w,vp), for vo € L*(R™), ¢t > 0 and for all w € Q.
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We define mapping ¢ : Rt x Q x L?(R™) — L*(R") by
o(t,w,uo) = u(t,w,uo) = ebzwt“’)cb(mw,vo), for vo € L2(R™), t > 0 and for all w € Q.

Then ¢ is a continuous random dynamical system associated with (1.1) on L*(R™).

Note that the two random dynamical system ¢ and ¢ are equivalent. It is easy to check that ¢ has
a random attractor provided ¢ possesses a random attractor. Then, we only need to consider the
random dynamical system ¢.

4 Uniform Estimates of Solutions

In this section, we derive uniform estimates on the solutions of (1.1)-(1.2) defined on R™ when ¢ — oo
with the purpose of proving the existence of a bounded random absorbing set and the asymptotic
compactness of the random dynamical system associated with the equation. In particular, we
will show that the tails of the solutions for large space variable are uniformly small when time is
sufficiently large.

From now on, we always assume that ® is the collection of all tempered random subsets of L?(R™)
with respect to (2, F,P, {0:}+er). The next lemma shows that ¢ has a random absorbing set in ©.

Lemma 4.1. Assume that f7, f € L?*(R™), and (3.1)-(3.4) hold. Then there exists a random
ball {K(w)} € D centered at 0 with random radius p(w) > 0 such that {K(w)} is a random
absorbing set for ¢ in ©, that is, for any {B(w)} € © and P-a.e. w € , there is Tg(w) > 0 such
that

o(t, 9 _+w, B(¥_1w,)) C K(w) for all t > T (w). (4.1)

Proof. The following estimates is the same as (Lemma 4.1, [13]) except the estimates of the term
D, f7. Taking the inner product of (3.8) with v in L*(R™), we have

1d

5 gl alll? + 7 = =0 [ (o, 0)oda

+e P (f0) + (Difv)) + ba(duw) o] (4.2)
In line with (3.2) and (3.4), we get

00 < — L[| o] < e_sz(ﬁ“‘))/ o(@, wyudz < 0. (4.3)

n

By the Holder’ inequality and the Young inequality (see [20]), we conclude

—bz w 1 —92bz w o
el 1) el I (4.4)

2a
—bz(Viw j —bz(Viw) F —bz W)l 1 z(9rw) | F 1
e D £, 0) = TP (F, Vo) T Vo < Se O FIP 4 S Vo, (45)
where f= (f!,.... /") and || f]I* = 37, [F/[*.
Then inserting (4.3)-(4.5) into (4.2), it yields

d 1 _ z(Vw 3
D oll? = @be(0s) — )0l + V0] € Ze (£ 4 af 7). (1.6
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Hence, we can rewrite (4.6)as

d

lfzw r3
Sl = 2b2(9e) — ) o] < e = 712+ a ), (47)

By applying the Gronwall’s lemma (see [20]) to (4.7), we find that
ot w, vo (@) < &8 00t g )

+ Hf||2 + OéHfH2 62bf0t z(Vsw)ds—at /t ef2bz(193w)72bf05 z(19.rw)d‘r+asds. (48)
- 0
By replacing w by 9_;w in (4.8), we get

0 —Q
ot 91w, vo (9—ew)) || < €22 2PeItm0 g (9 o) |2

2 12 0
+ Hf” + CMHf” / e—2bz(19§w)+2bf£ z('t?.,—w)dT-‘—ast. (49)
« —oo

By the properties of Ornstein-Uhlenbeck process,
0 .
/ 672bz(19sw)+2bjso z(ﬂ,w)dr«kasds < 4o0. (410)

Notice that {B(w)} € D is tempered, then for any vo(¥_iw) € B(d_1w),

lim €207 2Wewddsmat |9 )1 = 0. (4.11)

t——4o0

We can choose

2 Fl12 0
p((U) — 1_|_ ||f|| _;AHfH / e—QbZ(ﬁsw)+2b‘/‘£Z(ﬁﬂ'w)dT'FOtSds. (412)

And let
K(w) ={ue L*R") : |lul]* < p(w)}.

Then {K(w)} € ©, and {K(w)} is a random absorbing set for ¢ in ©, which completes the proof.
O

Lemma 4.2. Assume that i, f € L*(R™), and (3.1)-(3.4) hold. Then there exists a tempered
random variable Ri(w) > 0 such that for any {B(w)} € © and vg(w) € B(w), there exists a
T (w) > 0 such that the solution ¢ of (3.8) satisfies for P-a.e. w € , for all ¢t > Tr(w),

t+1 ~
/ V(59— 1100, 00 (0 —1_100))|2ds < B (w). (4.13)
t

Proof. Using the analogous calculation of (Lemma 4.2, [13]), we can conclude (4.13). However,
in order to convenient to read, we outline the proof. By substituting ¢t by 7" and w by ¥_;w in (4.8)
for any T' > 0, we find that

~ 7 o
[o(T, 9100, vo (9—w))||* < eI #PemeiddemeT g ()|
2 712 " . T
L A+ el f] eabf;)TzwsfwdsfaT/ 27 (Pamr) =20 [§ 2(Wr_pw)drros go (4 14
a 0
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2b [% 2(9

Multiplying two sides of (4.14) by e **tw)dT_a(t_T), then simplifying it, we find that for all

t>T

eQb fjt», 2(9r_w)dr—a(t—T) HU(T, ﬁ,tw, Uo(ﬁ—tw))HQ < €2b jot z(ﬂs,tw)dsfat||v0(197tw)”2

n A1 + all fII? /T o202 (Pa @) 426 [{ (00 pw)ds—alt—s) g (4.15)
«Q 0

By the Gronwall's lemma to (4.6), we get that for all ¢ > T,

[v(t, @, vo(w))|? < €2 J7 2 Cs)ds=alt=T) 1y, (F 1) g ()|

L IAP+ af fI? /t o= 2(Dow)+2b [1 2O w)drtals—) g
o

T

t .
= [0 T ) s, (4.16)

T
which obviously gives

t N
/ 200! 20T+l | Ty(s, w0, v (w)) [ 2ds < 20 J4 2Wsw)ds—a(t—T) o(T,w, vo(w))]
T

LA+ el / | o2 +2b [ 2(9rw)drrals—) g (4.17)

Q T

By replacing w by 9_:w into (4.17), we get
t
/ 2 fe 2O drtals =0 gy (5 94w, vo(9_w))||*ds
T

< €2b f,} 2(9s_w)ds—a(t—T) H'U(T, 19_1{,«.)7 vo(ﬁ—tw))HQ

N HfHQ + aHfHQ /t 672bz(’l957tw>+2b It z(ﬂT,tw)dTJra(S*t)dS. (418)
@ T
Together with (4.15) and (4.18), we have

t
/ e2b f: 2(Vr _pw)dT+a(s—t) ||V’U(5, 7-9—tUJ, UO(ﬂ—tw))Hst
T
2 112 0
S eQbet Z(ﬂSW)d57atH'UO(197tw)H2 4 ||f|| + Oé”f” / 672bz(193w)+2b fsg Z(ﬂT“")dTJranS. (419)
o —t

Replacing 7' by ¢ and ¢ by ¢ + 1 in (4.19), we have

t4+1
/ 62bfsf+1 2(Vr_t_qw)dr+a(s—t—1) HV’U(S, 1971571(4), ’U()(’l97t71(4.)))||2d8
t

2 2,0
< 2P S Z(ﬁsw)ds—a(tﬁ-l)||U0(19_t_1w)“2 + ILAIZ + el fl / e—QbZ(ﬁSW)+2bff 2(Irw)drtas 5.

a —t—1
(4.20)

For s € [t,t + 1], to yield that

t+1 i
/ €2b jsH'l z(0r_t_jw)dr+a(s—t—1) HV’U(S, 1971&71“)7 'U()('l97t71(4}))||2d8

t

L bmaxocr<i 2Wrw)—a 2
> e <7< [Vu(s, ¥ —t—1w,vo(V—t—1w))||"ds. (4.21)
t



Mosa et al.; ARJOM, 12(1): 1-15, 2019; Article no.ARJOM.46304

By the property of z(w) and temperedness of ||vg(w)]|, there exists Ts(w) > 0 such that for all
t > Ts(w), from (4.20) and (4.21) we find that

t+1
/ HVU(S,’ﬁ—t—lw,UO('ﬂ—t—lw))H2dS
t

<14 Hf||2 + a||f||2 /0 672bz(195w)+2bemax0§7—§1 |2(9rw)|+2b [0 Z(ﬁTW)dT+a(S+1)dS
- «

= Ri(w). (4.22)
It is casy to check that R, (w) is tempered.This completes the proof. O
Lemma 4.3. Assume that f7,f € L?(R"),(3.1)-(3.4) hold. The random dynamical system
{p(t) }+>0 has a (L*(R™), L*(R™)) and (L*(R™), H'(R™))-bounded absorbing set, that is, there exists

a random radius p(w) such that for any {B(w)} € © and vo(w) € B(w), there exists a Tg(w) > 0
such that the solution ¢ of (3.8) satisfies for P-a.e. w € Q, for all ¢t > T(w),

(£, 9w, vo (I —1w))[|* + [V (t, 1w, v0(9—1w))[|* < A(w). (4.23)

Proof. Taking the inner product of (3.8) with v in L*(R™), we have

5 gl alll? + [T = =0 [ (o, O u)oda
+e O (f,0) + (D5 £7, ) + b2(Bew) [Jo]|*. (4.24)
By (4.3) - (4.5) and Lemma 4.1, we conclude from (4.24) that
d 1 _ z w —2bz w r3
lvl” +elvl” + [ Vol* < —e EIE 1P + 2b(2(Dew)) plw) + €= 22| )2 (4.25)
Noticing that
Vo + fII* < 2 Vol + 21| F1I*. (4.26)

Together with (4.25) and (4.26), we conclude that

d r 1 _ z w —2bz w r3 ~

a||v||2+C(||Vv+f||2+Hv||2) < e 22O 12 42b(2(91w) ) p(w) +(1+e 22T ) | £ < plw),
(4.27)

where C = min{a, %} Integrating (4.27) from ¢ to ¢ + 1, and using Lemma 4.1, we can find a
Tg(w) > 0, such that for all t > T (w),

t+1 _
/t (190 + I + oll?) < p(w) . (428)

On the other hand , multiplying (3.8) with v¢, and integrating over R™ we find that

1d

loel® + 5 2 (IVoll* + aflol®)
—bz w z w —bz w d, z 1 1
= (7" g(a, ) 0) e (fL00) — 2 (F, V) + S0 W0w) Pl + 5 el .
(4.29)
By the Holder inequality and the Young inequality, we conclude
—bz w —2bz w 1
o bz (0 )(f,vt) < 2020 >||fH2 + Z”WHZ» (4.30)
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and
—bz w z w —2bz w 1
(e g(a, 1) vp) < 7P g (@ )| + el (4.31)
Then inserting (4.30)-(4.31) into (4.29), it yields
d r r 3
S (IVol” +2(£, V) + [ FII* + adlv])

< 2672 |12 4 2672 g (2, w) |2 4 62 (D) 0] (4.32)
By (3.3), we conclude that

0,
ol < [ 15200 Plulde < (433)

where 0 < 6 < 1.
By (4.33) and Lemma 4.1, we can rewrite (4.32) as

%(llvv + 17+ allol?) < 275 £IP 4 (262 4+ 7|2 (90w) [P plw) < Hw). (4.34)
Combining with (4.28) and (4.34), by the uniform Gronwall lemma, we deduce that
V0 + fII” + allol* < A(w). (4.35)
Thus, thanks to [|[Vv||? < 2||Vo + f||? +2||f||* and (4.35), we achieve that for t > Tp(w) + 1,
Vol + [loll* < Alw). (4.36)

This proof is completed. ]

Now we will prove the solution is enough small in a large space using the method and skill of [21, 13].

Lemma 4.4. Assume that f7, f € LQ(R")7 and (3.1)-(3.4) hold. Let {B(w)} € ® and wvo(w) €
B(w). Then, for any ¢ > 0, there exist ' = T((,w, B) > 0 and K = K((,w) > 0, such that the
solution ¢ of (3.8) satisfies for P-a.e. w € Q, Vi > T,

/ (L, 9w, vo(V—w))|*dx < C. (4.37)

Proof. We first need to define a smooth function o(-) from R into [0, 1] such that o(-) = 0 on
[0,1] and o(-) = 1 on [2,400), which evidently implies that there is a positive constant ¢ such that
2
the |0’(s)] < ¢ for all s > 0. For convenience, we write o, = a(‘:—‘z).
Multiplying (3.8) with o.v and integrating over R™, we have

%% owlv]Pde + a/ owlv|?de = / (Av)orvdx + bz(ﬁtw)/ oxlv]Pde
R7L n n n
—‘,—e_bz(ﬁ‘w)(/ org(x,u)vdr + / o fodr + D, flovd), (4.38)
n n Rn
where

/}R (Av)gﬁvd:c:—/ |Vv\2cr,.€d:c—/R va;i—f(Vv)dx

C
< —/ VolPorde + =2 ([v]* + [[Vol®), (4.39)
R’!‘L

K
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where Cj is a non-negative constant.
By (3.2) and (3.4), we get

—o00 < ¢ ) / owg(z,u)vdr = e_zbz(ﬁtm/ org(x,u)udz < 0.

n

For the fourth term on the right-hand side of (4.38), we have that

—bz w 1 - # «
b2 (0 )/ owfvdx < E/ oo de + e 30 )/ x| f*du.
Rn 2 R 2a R™

Next, we estimate the last term on the right-hand side of (4.38), we get that

) _ B 2 _ ;
e 20 [ Dol vde = —e bzw‘w)/ f Kff orvdr—e bz(ﬁ‘w)/ ox [ (Vv)da
Rn R

R"

n

C r3 1—zw
< SR + o) + e [

where C; is a non-negative constant. Then inserting (4.39) - (4.42) into (4.38) to see that

Uﬁ\f|2d1:+%/ 0| Vol de,

n n

4 oxlv|Pde — (2b2(9w) — a)/ oxlv’dx —l—/ Voo .dx
dt R’VL Rn Rn
1 opa(9,0 x Co\ = C C
< —e ) / o (|f1? + al f")da + 22| f1° + = [lo]® + = || Vol
a R7 K K K

where Ca, Cs and C4 are non-negative constants. Hence, we can rewrite (4.43) as

4 oxlv]Pdz — (202(9;w) — a)/ oxlv]*de
1 opa(opw x Co\ = C C
sfe””m>/°aawﬁ+auPMw+—WﬂP+4ﬁMF+A%vmﬁ
a R7 K K K

By applying the Gronwall's lemma to (4.44), for every ¢t > T', we find that

n

/ an|u(t,w,v0(w))\2dxge%f%zwf@df*a“*f)/ ox|v(T, w, vo(w))[*da

t
+l/ eQbf; z(ﬁfw)dffa(tfs)72bz(195w)/ Un(|f|2+a‘f|2)dx
a ) R™

C k tz w)dr—a(t—s
2 [ Lm0 (s, ) s
T

Cs [? (D w)dr—or(t—s
4 [ e 7y s, () s

K Jp

+@ /t eQbet z(ﬁq-w)dr—a(t—s)H]ZH2dS‘
Kk Jr

Then, substitutingw by ¥_:w into (4.45), we have that

/ 0N|v(t,19,tw,vo(ﬂftw))|2dmSeQbf%z(ﬁT*‘w)dT_a(t_T)/ Uﬁ|v(’f’719,tw7v0(19,tw))|2dx
R’Vl

Rn

1 [t .
+7/A 62bfst 2(9r_tw)dT—a(t—s)—2bz(94_4w) / Um(‘f|2 + Oé‘f|2)d.l’d8
(oKl R™

C t .tz w T—Q —S8
[0 oy (9-iw)| s

K J7

(4.40)

(4.41)

(4.42)

(4.43)

(4.44)

(4.45)

10
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C t : Co(i—
*f/e“ﬁ““wm”“Swwwﬁ%wmw%mm%s
T

t
+%/ €2bf5t z(ﬁ.,._tw)d‘rfa(tfs)HfHQdS. (446)
T

Then,we estimate every term on the right-hand side of (4.46). Firstly by (4.8) replacing ¢ by T and
w by Y_iw, then we get

eQbf%z(ﬁT*““)dT_a(t_T)/ am|v(’TA,19,tw,vo(19,tw))|2dx

n

. 2 2 T
< 62b]()t z<077tw)d77at||’U0(19,tw)||2 + I£11" + el £l / 202 (95— rw)+2b IS 2(97—pw)dT—alt=s) g,
a 0

y 5 3 (4.47)
It easy to see that there exists 71 = T1(B, {,w) > T, such that for all ¢ > 71, then

e%f%zwpwdf—a“—f)/ O [0(T, 91w, v0(V_sw))|*dx < C. (4.48)

n

For the second term on the right-hand side of (4.46), Since f,f € L*(R™), there are Tp = T (¢, w) >
T and K1 = K1(¢,w) > 0, such that for all ¢ > 75 and x > K1, then

t
l/ 6217‘]';‘ z(9r_tw)dT—a(t—s)—2bz(9s_tw) / O-H(|f‘2 + a|f|2)dmds
o Jp RN

t
< l/ 201 z(ﬂT,tw)dea(tfs)72bz(195,tw)/ \f|2dads
T

|z|>r

«

t
+/ €2bf3t z(197._tw)d‘rfa(tf3)72bz(195_tw)/ |f|2d$d3
T x| >k

<< (4.49)

For the third term on the right-hand side of (4.46). By replacing ¢ by s and w by ¥_;w in (4.8),we
get

G

t .
e2bjstz(197.,tw)d7'7a(tfs) v(s 197tw Vo 197tw 2d5
w |- ) )
T

C - z (7 w —«
< D= Ty )

L CalfIP + all F11%) /t / 25 S (07 pw)dr—a(t=5) 26295 1) g5 4. (4.50)

Ko + Jo
Then, by f.fe€ @2(R”), there exist T5 = TS(B,C,w) > T and Ko = f(g({,w) > 0, such that for all
t > Ts and k > Ks, we find that

t
%/ 20 S5 #r—ew)dr—alt=s) |1, (s 9,0 o (9_yw))||Pds < C. (4.51)
T
Next, we estimate the fourth term on the right-hand side of (4.46). Since f.f € LZ(RT), by
using(4.19), there exist Ty = T4(B,(,w) > T and K3 = K3(¢.w) > 0, such that for all ¢ > T, and

Kk > K3, we get that

t "
9/ 20 IS 2 (Or )T —alt=9) 17y (5 9y, vo (0 ew))||?ds < C. (4.52)

K J7

11
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Finally, we estimate the last term on the right-hand side of (4.46). Since f~€ L?*(R™), there exist
Ts = T5(¢,w) > T and K4 = K4(C.w) > 0, such that for all ¢ > T5 and x > K4, we have that

t
%/ Q20 JE 2Or—pw)dr—alt=s)) §1290 < ¢ (4.53)
T

By letting
T = max{fl,fg,fg,f4,f5}, and R— = maX{Kl,XQ,Kg,K4}.

Then, inserting (4.48) — (4.49), (4.51) — (4.53) into (4.46), for all t > T and x > K, we obtain
that

/ o |v(t, ¥ _sw, vo(9_4w))|*dx < 5¢, (4.54)

which shows that
/ o, 91w, vo(9—sw))|*dz < 5C. (4.55)
2| > K

This proof is completed. O

5 Random Attractors

In this section, we prove the existence of a global random attractor for the random dynamical
system ¢ associated with the stochastic reaction-diffusion equation (1.1)-(1.2) on R™. The main
result of this section can now be stated as follows.

Lemma 5.1. Assume that 7, f € L*(R"), and (3.1)-(3.4) hold. Then the random dynamical
system ¢ generated by (3.8) is asymptotically compact in L?(R™), that is, for P-a.e. w € €, the
sequence {¢(tn, 91, w,vo,n(9—¢,w))} has a convergent subsequence in L*(R™) provided ¢, — +oo,
{B(w)} € ® and vo,n(¥—¢,w) € B(P—¢,w).

Proof. = We use the method of [12] to prove our main results. Let t, — 400, {B(w)} € D
and vo,, (09—, w) € B(¥_¢,w). Then by Lemma 4.1, for P-a.e. w € €, we have that

{P(tn, 9, w, vo,n (-1, w))}3Zy is bounded in L*(R™).
Hence, there exist £ € L? (R™) such that, up to a subsequence,

O(tn, I—t, w,von(V_t,,w)) > &  weakly in LQ(R"). (5.1)

Next, we prove the weak convergence of (5.1) is actually strong convergence. Given ¢ > 0, by
Lemma 4.4, there exist 71 = T1(B,(,w) > 0, /1 = k1({,w) > 0 and N1 = N1(B,{,w) > 0, such
that t, > T1 for every n > N;

[ 1ot 0-w w00 (0o < (52)
|z|>k1
On the other hand, by Lemma 4.1 and 4.3, there exist Tb = T5(B,w) > 0, such that for all ¢ > Tb,

(£, 91w, vo (9 —1w)) — €| F1 (mny < Ra(w). (5.3)

Let No = NQ(B,w) be large enough such that ¢, > Ty for n > Na. Then by (5.3) we find that, for
all n > ]\]27

1(tn, 91,0, 00,0 (9-1,@)) = Ell71 my < Ra(w). (5-4)

12
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Denote Q,; = {x € R" : |z| < K1} be a ball. By the asymptotic a priori estimates of the random
dynamical system ¢ with respect to L?-norm, which plays a crucial role in the proof of the L?(R")-
asymptotic compactness H*(Qx,) < L?(Q.y). Tt follows from (5.4) that, up to a subsequence
depending on K1

O(tn, V—t,,w,v0,n(0_t,w)) — &  strongly in L2(Q,51), (5.5)

which shows that for the given ¢ > 0, there exist N3 = Ng(B,w)(B,C,w) > 0, such that for all
n 2 NS,

[ $(tns 9t 00, 00,0 (9-1,0)) = EllZ2(g,.,) < - (5.6)
Note that & € L?(R™). Therefore, there exist K2 = K2(¢) > 0, such that

[ le@resc (5.7)

By letting N = max{Nl,Ng,Ng}, and R = max{K1,K2}.

Then, by (5.2),(5.6) and (5.7), we find that for all n > N,

B(tn, 01,0, V0,0 (01, w)) — €l 72 (@ny < / |$(tn, V1,0, v0,n (91, w)) — & *da

|z|<A

191001, ) —
2|24

< 6¢. (5.8)
which shows that

(tn, 91, w, 000 (91, w)) — &  strongly in L*(R™). (5.9)

This as desired. O

We are now in a position to present our main result, the existence of a global random attractor for
¢ in L*(R™).

Lemma 5.2. Assume that f7, f € L?(R™), and (3.1)-(3.4) hold. Then the random dynamical
system ¢ generated by (3.8) has a unique global random attractor in L*(R™).

Proof. Notice that the random dynamical system ¢ has a random absorbing set {K(w)} in © by
Lemma 4.1. On the other hand, by Lemma 5.1, the random dynamical system ¢ is asymptotically
compact in L?(R™). Then by Theorem 2.6, the random dynamical system ¢ generated by (1.1) has
a unique global random attractor in L*(R™). ad

6 Conclusion
Our main results, existence of random attractors for a stochastic reaction-diffusion equation with

distribution derivatives and multiplicative noise defined on unbounded domains, has been satisfied
in section 5.
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