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Abstract

The Homotopy analysis method is implemented by Golmankhanehi et al. to find the expectation
and variance of the approximate solutions of the second-order random differential equations [1].
In this note, we reused the Homotopy analysis method to solve the same problem and we draw
some very important improvements and comments on the paper [1]. The results in this paper
are coinciding with the results in [2, 3, 4, 5].
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1 Introduction

The papers by Golmankhanehi et al. [1], present the Homotopy analysis method for finding the
expectation and variance of the approximate solutions of the second-order random differential
equations. These authors work on computation of the main statistical functions of the mean square
solution, where some basic properties of variance are applied in equation (10) in [1].

The present authors are not aware of the following properties, which is used in equation (10) in [1],

V(Z X;) # Z V(X))

Although, It is well known that, in probability theory and statistic [6], the variance of a random
variable must be nonnegative since the variance is given by [1].

Var(X) = E((X — u)?), where E(X) =p

Golmankhanehi et al. [1] discussed six illustrative examples in section 3. The numerical results
are presented graphically in Figs. 1-12. We observed that the numerical results of the variance
approximation solution by using HAM in [1] are ambiguous since the variance curve is negative as
shown in Figs. 4, 6, and 12.

It is worth noting that from equation (2) in [1], the homotopy analysis method coincides with the
homotopy Perturbation method when % = —1. As a result the expectation and the variance of the
approximate solutions must be consistent with that found by Khalaf [2].

The goal of this work is to improve equation (10) in [1]. A variety of examples using the correct
expression will be presented. In order to achieve this we let

N

zn(t) = Xo(t)+ Y. Xn(t) (equation (7) in [1]), be an approximate solution of equation (2) by using
n=1

the homotopy analysis method . Then we utilize the independence between Yy, Y1 and A, to yield

Elzn ()] = E[Xo(D)] + ) E[Xa(1)),

Vizn ()] =Y > Cov(Xi(t), X;(1)),
§=0 i=0
where
Cov(X;(t), X;(¥)) = E(X:(t)X,(t)) — E(X:(¥))E(X;(t)), 4,7 =0,1,2,...,n.

2 Homotopy Analysis Method

The homotopy analysis method (HAM) has been introduced by Liao [7]. This method is a powerful
and useful semi-numerical method for finding approximate solutions of linear and nonlinear differential
equations. We observe that HAM is very prevalent in the current literature, see e.g. the accounts
in the books by Liao [8, 9], and the recent papers by Dehghan and Salehi [10], Hassan and Mehdi
[11], Das et al. [12], and references therein. To clarify the basic ideas of HAM, we consider the
following differential equation

LIX ()] + N[X(t), Al = g(t), (2.1)
with initial conditions JxX
X(O) = Yo, % |t:0 =Y, (22)
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where L[X (t)] = d>X (t)/dt*, N[X(t), A] is a nonlinear operator and g(t) is the source inhomogeneous
term, and A, Yy, and Y7 are the random variables.

We now construct the zero-order deformation equation,
(1= {LIX®)] = Llzo()]} = ¢h{L[X ()] + N[X(t), A] — g(t)}, (2.3)

where ¢ € [0,1] is the embedding parameter, h a nonzero auxiliary parameter, L an auxiliary linear
operator, and zo(¢) is an initial approximation of the equation (2.1).

Expanding X (¢) in Taylor series with respect to ¢, we have

X(t) = Xo(t) + Y Xu(t)q", (2.4)
where L orx
Xalt) = aqft) R (2.5)

The convergence of the equation (2.4) depends on the auxiliary operator A. If it is convergent at
q = 1, one have

X(t) = Xo(t) + i X, (t). (2.6)

Throughout the paper, we deal with the triplet Probabilistic space (€2, F,P). Thus, suppose Lz =
L2 (Q, F,P) is the set of second order random variables. Then the random variable X : Q — R €
Ls, if E[X?] < 400, where E[-] is an expectation operator.

The norm on Lj is denoted by ||-||,. For example, for the random variable X we define

X, = (E[XQ])%7 in such way that (L2, || X]|,) is a Banach space.

In addition, let T (real interval) represent the space of times, we say that {X(¢), ¢t € T} is a second
order stochastic process, if the random variable X (t) € Ly for each t € T'.

A sequence of second order random variables {X,, : n > 0} converges to X € Lo , if

1
nan;O||Xn—X|\2:nan;o (E[X,—X*)? =0

To proceed from (2.6), we truncate the expansion of X, (t) at the n = Nth term as follows

N

X(t) = Xo(t) + > Xn(t). (2.7)

n=1

By using the independence between Yy, Y1, and A, we have

N
Elen(8)] = E[Xo()] + 3 E[Xa(t) 28)
V(0] = 303 Cov(Xi(t). X, (1), 29)

where
Cov(X;(t), X;(¥)) = E(X:(t)X,(t)) — E(X:(¥))E(X;(t)), 4,7 =0,1,2,...,n.
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The following Lemma guarantee the convergent of the sequenceE [z (¢)] to E[X (¢)] and the sequence
Vizn(t)] to V[X(t)] if the sequence zn(t) converges to X (¢).

Lemma: [6], Let {Xn} and {Yn} be two sequences of second order random variables X and Y
respectively, this means,

A}im Xy =X and A}im Yy =Y then A}im E[XnYN] = E[XY]. If Xy = YN then
— 00 — 00 —00

lim F[X}] = E[X?], lim E[Xy]= E[X]and lim V[Xy]=V[X].

N —o0 N—o0 N — o0

3 Test Examples

In this section, we adopt several examples which is considered in [1, 2, 3, 4, 5] to illustrate the using
of homotopy analysis method for approximating the expectation and the variance. The results
coincide with results in [2, 3, 4, 5].

3.1 Example 1

Consider the random initial value problem

d*X ()
dt?

dX (1)
dt

+ A’X(t) =0, X(0)=Yo, o =11, (3.1)
where,

A? is a Beta random variable, A2 ~ Be(a = 2,8 = 1), and independently of the initial conditions
Y, and Yi which satisfy E[Yo] = 1, E[Y#] = 2, E[Y1] = 1, E[Y?] = 3 and E[YoYi1] = 0.

To obtain the expectation and the variance of the approximate solutions of equation (3.1), we
Construct the following zero-order deformation

(1- g ;;(t) 4 f;t(;(t)] — gl ;;(t) + A2 X(1)]. (3.2)
Next, Let
X(t) = Xo(t) + > _ Xe(t)q". (3.3)
k=1

By substituting into equation (3.2), one can have

o A X (t d Xof >
(1 -y EEH gy = g0 +z X0 g Xo(0) + 30 A X0,
k=1 —
which leads to
— d° X (t — d° Xy (1 d*Xo(t
> dt2( ) gk - (1+hm)> dt2( ) =41y = g dt(;( ) A2 X0t +hZA2 )"
k=1 k=1

Upon equating the corresponding coefficients of ¢*, we have

d2X (¢ d*Xo(t d*Xo(t
dtlz():(1+h) dtg()m dtg()+(1+h)A2X0(t),
and o 2
d* Xy (t d” Xp—1(t
EO 1m0 ey, k=23,
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Choosing Xo(t) = Yo + Y1 ¢, the foregoing equations yield

d> X (t
dtg( ) = (14 B)(A2Yo + i t), o
3.
d> X (t) d* X5, _1(2) 9
i :(1+E)T+hA Xi—1(), k=2,3,...

Now, we solve the differential equation (3.4) to obtain

Xi(t) = éhA2Y1t3 + %EAZYOtQ,

I ST V- S S R R | 2y, 3, 1 2y, 42
Xz(t)_mohAYltJrMhAYot +6(1+h)hAY1t +2(1+h)hAYot,
_ 1 56,7, 1 .3 6,6, 1 2 44y, ,5 , 1 2 44y, 4
X3(t)—5040ﬁAY1t +720hAYOt +60(1+h)hAY1t +12(1+h)hAYot
+ é (14 ) hA2YA 2 + % (1 + h)? hAZY,#2,

And so on.

Setting ¢ = 1 into equation (3.3), we have

X(t) = Xo(t) + > Xe(t),
k=1
and the approximate solution is
N
an(t) = Xo(t) + Y Xu(t).
k=1

By taking the expectation to the both sides of the foregoing equation, one can have
N
Elon(®)] = E[Xo(®)] + 3. E[Xu(®)):
k=1

For N = 2 and by using the independence between Yy, Y7, and A, we have

Eles(t)] = E[Yo] + E[Vi]t + %hE[A2]E[Y1]t3 + %hE[AQ]E[YO]tZ’ + ﬁloﬁE[A‘*]Em]m

1 1 1
ﬂh?E[A‘*]E[Yo]t“ +g(+n) hE[A®|E[Yi]t® + 5 (1+0) RE[A%|E[Yo]t?.
Since A® ~ Be(a = 2,3 = 1), then we have E[A%] = Z, and E[A"] = 1. Also by using the initial
conditions Yy and Y; which satisfy E[Y,] = 1, E[Y?] = 2, E[Y1] = 1, E[Y] = 3, and E[YoY1] = 0,
we have 5 5 1 ) . .
Elza(t)] =1+t + =ht® + Sht* + ——h*° + —n*t* + > + Z K% 3.5
[w2(t)] = L+t 4 Ght" + 3"+ St + ght + it +3 (3:5)
When i = —1, we have
1s 1 1 14

Elza®)] =14+t — 3 — =2+ — 5+ —¢
@] =1+t =gt =3t + 55t + 15

Now, we intend to find E[(z2(t))?] as follows
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First, we find (z2 (t))2

1
N2 =Y +2YoYit + —Rh*AY Y P Rt AYYE —h4A3Y — AR
(2(t)) o 2okt 1440 +(576 o " 360 1180 )
+ mf#/ﬁw £ (gYOFfAYl + gyohAyl)# + (h2AYO + Y7 4 2RAYS ) + (154A2Y1Y0

h PAPY Y, + h3A2Y1Y0)t +( YZhA + y1 h? A+ h PAPYS + P ARYS + h A%yt
— I AYYo + R AP Y —HAY? + 3A3Y 2APY? LAYY
+(45ﬁ 1 0+45ﬁ 1Yo)t" +(36h T+ 1271 0 180h 1 + h 0
+ %h3A2Y12)t6
Then, by taking the expectation to the both sides of the foregoing equation, one can have
Bl(z2(0))?] = BIYVE] + 2B[Yo¥i Jt + 135 h BIAY B Yol € + (5o BAY BV
L4 6 L B Eas 4 g8 27,10
- 360h BIAYBIYE] + b BACBYVE)E + st BIAY B2
+ (§h 2BV, E[A%)E[Y1] + gfﬂa[yo]E[A?]E[Yl])t + (WPE[A®|E[YS] + E[YY]
+ 2hE[A®|E[YS ) + (éh“E[A“]E[mE[YO] + %#E[A“}E[Yl]};[yo]

+§h3E[A4]Em]E[YO])t5+(§hE[yf]E[A2]+érf [Yl]E[A2]+ h2E[A4]E[Y0]

1 1
+ B BIAYBIYE] + {h BIAYBIYVE)E + (g5 h EIAY) BV BIYe] + —ff’ E[A% B[] E[Y )¢
1 1 23 1
+ (=W EAYEY?] + SR ASEY2] + o 2E[AYE[Y?] + — W E[AYE[Y2] + ShPAZYR).
36 12 180 9
Since A% ~ Be(a = 2, = 1), then we have E[A%] = 2, E[AY] = % [ 5 = % and E[A®] = L.
Also by using the initial conditions Yy and Y1 which satlsfy E[Y,] = 1, E[Y}] = 2, E[Y1] = 1,
E[Y?] = 3, and E[YyY1] = 0, we have
Viz2(t)] = E[(xz(t))z] — (Blz2(1)])?
13 38, 253 3 37 8 .3 16
=1+2 ht — Rt ht—fht—fht—fﬁt
+ *3 3 + 2700 + 1620 135 27 9
8.0,3 187.5 4,9 4,7 4 2 3
— —h°t" — htfih f—htf—ht ht FL
9 540 5760 135 27 *3 3 *y 9
541 79 . 5 44 8 25 54 217 o4 1 4o
h*t — M+ —nttt 4 Zhet ht h°t Rt —2t.
+ 172800 S+ 1620 + 36 *o 9 + + 1620 + 19200
When h = —1, we have
19 4 43 o _ 97 s 1 40, 8,35 67
=1 7t — ¢t t 23— P
Viz(0)] =1+ 3 72 + 1620 57600 + 19200 * 9 540
1 1
— " -2t — 7t
+ 135 5760
and when N = 18, we have
1, 14 1 1 s 1 4 1 1 4 1

Elzis) =14t — =t — =3 + —t* + —¢° t"+ %+ A

3 9 48 240 1800t 12600 120960 1088640

and
4, 83 19, 67 5 103 4 41 5 247 g 401
=124+ 24283 — ot - g ¢ T - A
View] T3Pt et Tt 50" taoso’ Tamas’ T T72so0’  Tossedol
The FINDAPR program described and listed in the Appendix was written to obtain the expectation

and the variance of the approximate solutions of this example.
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154 //\\ /\
A 49 // \\ . —
o AUV

. \ oo/
E[x(0)] \ / \ /
\ 3 [ \_
05 \\ /‘/ N ll
\ \ < '
/ \ Vit /
\ / \ J/ [x(®)] i
, \ / \ / 2 |
1 T 7 !
\ 5 / e 1}1\ // 15 /
\ \ / l
\ ‘/ \\J Ve i |
-0.5 \ // /
\ \
\ J : : ,
N \.\ // 0 5 1 10 15
[ Approximate solutior— — Exact solution] [ """ Approximate solutior— — Exact so]ution]
Fig. 2. Variance approximation solution

for the HAM with n = 18. For

Fig. 1. Expectation approximation
A’ ~ Be(a=2,8=1)

solution for the HAM with n = 18. For
A%~ Be(a=2,8=1)

3.2 Example 2
Consider the random initial value problem
Xt dX(t
*) +AtX(t) =0, X(0)=Yp, % l,_o = Y1, (3.6)

dt?
where
A is a Beta random variable, A ~ Be(a = 2, 8 = 3), and independently of the initial conditions Yy

and Y; which satisfy E[Yo] = 1, E[Y{] = 2, E[Yi] =2, E[Y{’] = 5.

we follow a similar process to that of example 3.1 to obtain
1 3 1 4 1 6 1 7 1 9 1 10
E =142 —— — it ¢ 7 — - 04 ...
[o1s) =1+ 15 15" T 900" T 1260 113400 108450 T
2 1 2 1 83 83
Vv a2 ALty 46 L7 8 9
[oas] = 1417 = 2t = 728+ 502t + 558 350000~ 283500
3.3 Example 3
Consider random the initial value problem
dX (t
=0, xO)=v, S| =w, (37

d>X(t) dX(t) 9
T TS+ ATX

where
A is a Beta random variable, A ~ Be(a = 2,8 = 1), and independently of the initial conditions Yy

and Y; which satisfy E[Yo] =1, E[Y{] =2, E[Vi] =1, E[Y{] = 1.

we follow a similar process to that of example 3.1 to obtain
11, 233 13 4 59 5 83 6 37 143 4
e M t° — -
+ 60 120 + 2520 20160t + 60480 1814400t +

E =14+t—
[z18] + 2
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1, 4,3 1034 649 5 8959 s 3133 517 g 5923 o
Vigw] =1— =t* + —t5 + ——t* — - - t
[%18] 2 + 15 + 720 2520 50400 37800 17280 665280 +
e Y ] —,
y \\ 7 // S
/ \ /
3 g \ y
/ \ 6 /
/ \ /
/ /
/ \ h /
A/ \ /
Elx(0] / \ 1 /
/ \ Vi)l /
/ \ s
/ \ 3 -
\ e
11 e
\ 24 e
\ e
\ -
\
0 T T T A 1
1 2 3 \‘\ 4 0 : : :
Time \ 0 1 2 3 4
\ Ti
|* — Exact solution - - - - - Approximate solution | | """ Approximate solution Lne* Exact solution |

Fig. 3. Expectation approximation
solution for the HAM with n = 18. For
A~ Be(a=2,5=3)

0.8 N

E[x(V)] ~
0.6 ~

0.4+

0.2+

0 T T T T i
0 1 2 3 4 5 6
Timet
| ----- Approximate solutior— — Exact solutionl

Fig. 5. Expectation approximation
solution for the HAM with n = 18. For
A~ Be(a=2,=1)

Fig. 4. Variance approximation solution
for the HAM with n = 18. For
A~ Be(a=2,5=3)

I~
N
N\
\. ——
- e
0.8 S
0.6
VIx(t)]
0.4
0.2
0 T T T T T !
0 1 2 3 4 5 6
Time
| ----- Approximate solutior— — Exact solutionl

Fig. 6. Variance approximation solution
for the HAM with n = 18. For
A~ Be(a=2,=1)
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3.4 Example 4

Consider the random initial value problem

d*X ()
dt?

+ALX(t) =0,

where

=, =", (3.8)

A is a Uniform random variable, A ~ U(a = 0,8 = 1), and independently of the initial conditions
Yo and Y3 which satisfy E[Yo] = 1, E[Y§] = 2, E[Y1] = 1,

E[Y?] =1.

we follow a similar process to that of example 3.1 to obtain

1 3 1 5 1 7 1 9 1 11 1 13
Elzig) =14+t — —t° + —t° — - -
[ws] =1+t =358+ 155 1344 17280° 253440 4193280
1 ¢ 1 5 131 41 12 71471 14
Vv =14+ -—t — t — -
[os] =1+ 735 140"t 1008000 2177280 31294771200
e 1.2 =
— ~ - -
2.5 - //_/,//
e L
e
//
2 -
/ i
y; 0.8
/
1.5 4
E[x(t)] / VIx®] 0.6
/
/
1 0.4
0.59 0.2
0 T T 0 T T ,
0 1 2 0 1 2 3
Time Time
| """ Approximate solution — — Exact solution | |* — Exact solution - - - - - Approximate solution |

Fig. 7. Expectation approximation
solution for the HAM with n = 18. For
A~U(a=0,6=1)

3.5 Example 5

Consider the random initial value problem

d*X(t)
dt?

where

+ALX() =0, X(0) =Y,

Fig. 8. Variance approximation solution
for the HAM with n = 18. For
A~U(a=0,8=1)

dX(t)

— l—o = Y1, (3.9)

A is a Uniform random variable, A ~ U(a = 0, 8 = 2), and independently of the initial conditions
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Yo and Y; which satisfy E[Yo] = 1, E[Y§] = 4, E[Y1] = 1,
E[Y?] =2

we follow a similar process to that of example 3.1 to obtain

1o 1 6 1 7 1 s 1
E =14+t— =t — t 775 ft - —t — t t t s
[wis] =14t -5 + * 360 25200 | 12600' | 1134000 ©
13 4 61 ¢ 2 5 599 ¢ 101 o 47 10
14 =32 t ft - —t — —=t t - —
[21s] = Tttt Tan’ 135t 2260’ T B6700’ 23625
1.44 '/'\\ 6
/N
1.2-/ \ /,_\_‘.'
\ . /\\ / N
107 \\ // ~ //
0.8 \ /
E[x(®)] \ 44 /
0.6 \ /
\ /
0.4+ \\ P /
.\ y / VIx®] 5 _\\ //
0.2 \\ / \ /
\ / \
0 T T T T T 1 24 \ /
1 2 \3 4/ 5 6 = T T T T 1
Ti 0 1 2 3 4 5 6
-0.2 rhe\ / Time
| """ Approximate solution — — Exact solution | | """ Approximate solution — — Exact solution |

Fig. 10. Variance approximation solution
for the HAM with n = 18. For
A~U(a=0,8=2)

Fig. 9. Expectation approximation
solution for the HAM with n = 18. For
A~U(a=0,8=2)

3.6 Example 6

Consider the random initial value problem

d>X(t)
dt?

+AX(t) = —X(t) +sin(t), (3.10)

where

A is a Uniform random variable, A ~ U(a = 1, 8 = 2), and independently of the initial conditions
Yo and Y7 which satisfy E[Yo] =1, E[Y7] =2, E[Y1] = 1,
E[Y?] =6, E[YoY1] = 0.

we follow a similar process to that of example 3.1 to obtain

E[xls]:1+t—§t2—lt3+§t + ot By 7 211 B

4 4 72 720 576 8640 201600
5o, 105 203, 675 185, 12221, 198419 o
View)] =1-2t+ 2t T3 t 144t 40t *asst T 30240 1814400

10
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0.8 \
E[x(t)] 0.6 \
0.4 \

0.2 \ / \

-0.24 \ / \
-0.4+ AN \

-0.6

| ----- Approximate solution — — Exact solution |

Fig. 11. Expectation approximation
solution for the HAM with n = 18. For
A~Ula=1,=2)

1.5 / \ I \‘

VIx()] / \ /

0.59 \

0 1 2 3 4 5
Time
|* — Exact solution - - - - - Approximate solution |

Fig. 12. Variance approximation solution
for the HAM with n = 18. For
A~U(a=1,=2)

4 Conclusion

The main aim of this article was to improve the work of Golmankhaneh et al. [1]. In particular
equation (10) in [1] which is used to compute the the expectation approximation and the variance
approximation of second-order random differential equations. It may be argued from the Fig. 4 and
Fig. 6 in [1], that there was an error in obtaining the variance approximation solutions using HAM
in [1]. Also, the rest of the results in [1] are not correct (the variance of the approximate solutions
is negative) compared with that found by Khalaf [2], Khudair et al. [3], and Khudair et al. [4]. In
this article, the homotopy analysis method is employed to obtain the expectation and the variance
of the approximate solutions involve the computation of the main statistical functions of the mean
square. This calculation is built in Maple software. Further, for all of the discussed examples, the
expectation approximation E[X (t)] plotted against the time in the Figs. 1, 3, 5, 7, 9, 11 and the
variance approximation V[X (¢)] plotted against the time in the Figs. 2, 4, 6, 8, 10, 12. It has been
shown that from Figs. 1-12 that the results for the second-order random differential equations are
qualitatively exactly the same as those of Khalaf [2], Khudair et al. [3], and Khudair et al. [4].
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Appendix
Appendix - The program FINDAPR
restart :
with(Statistics) :
N :=18;

A := Random Variable(('Beta’)(2, 1)) :

x[0] :==Y[0] + Y[1] * ¢t :

h:= —1;

for k from 0 to N do

x[k + 1] := int(int((1 + h) * diff(eval(x[k],t = s),s,s) + h * A x eval(x[k],t =s),s = 0..r),r = 0..t);
od :

for k from 0 to N do

Ex[k] := ExpectedValue(x[k]);

od :

expacted := sum(Ex[v], v = 0..N);

va:=0:

for r from 0 to N do

for s from 0 to N do

variance := va + ExpectedValue(x[s] * x[r]);

va := variance;

od :
od :
y0 := coeftayl(variance, [Y[0], Y[1]] = [0, 0], [1,0]) :
y1 := coeftayl(variance, [Y[0], Y[1]] = [0, 0], [0,1]) :

[
[Y[OLY 1]] = [Ov O]v [17 1]) :
y00 := coeftayl(variance, [Y[0], Y[1]] = [0, 0], [2,0]) :
y11 := coeftayl(variance, [Y[0], Y[1]] = [0, 0], [0, 2]) :

vari := ((y0* Y[0] +y1* Y[1] +y00 * YY[0] + y11 = YY[1])) :

y0yl := coeftayl(variance,

YY[0] :=2:

YY[1]:=3:

Y[0] =1

Y[1]:=1:

varia := varia — (expacted)z;
with(numapprox) :
with(plots) :

Exactpx := —(4 % (2% Y[1] xt — 6 * Y[0] 4 6 * Y[0] * cos(t) 4+ Y[1] * t* « cos(t)
—3 % Y[0] * t2 % cos(t) — 2% Y[1] * t % cos(t) — 2 % Y[1] * t * sin(t)
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+6 % Y[0] * t * sin(t) — Y[0] * t x sin(t)))/t* :

Exactyy := 3t? 4+ 4 — 6 % cos(t) * sin(t)t® — 2 % cos(t) * sin(t)t 4 3 * cos(t)?t>
—3xcos(t)?/t* — 16 % (2%t — 6 + 6 x cos(t) + t* * cos(t)
—3%t% % cos(t) — 2%t * cos(t) — 2% t% xsin(t) + 6 * t xsin(t) — t> * sin(t))?/t® :

G1 := plot(Exactex, t = 0..15, linestyle = dash, color = red, legend = Exact solution,
labels = [Time, E[z(t)]]) :

F1 := plot(expacted, t = 0..15, linestyle = dot, color = black, legend = Approximate solution,
labels = [Time, Ez(t)]]) :

display({F1, G1});

G := plot(Exactyx, t = 0..15, linestyle = dash, color = red, legend = Exact solution,
labels = [Time, V[z(t)]]) :

F := plot(varia, t = 0..15, linestyle = dot, color = black, legend = Approximate solution,
labels = [Time, V[x(t)]]):

display({ F, G} );
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