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ABSTRACT

In this paper, we investigate properties of the generalized balancing sequence and we deal with, in
detail, namely, balancing, modified Lucas-balancing and Lucas-balancing sequences. We present
Binet’s formulas, generating functions and Simson formulas for these sequences. We also present
sum formulas of these sequences. We provide the proofs to indicate how the sum formulas, in
general, were discovered. Of course, all the listed sum formulas may be proved by induction,
but that method of proof gives no clue about their discovery. Moreover, we consider generalized
balancing sequence at negative indices and construct the relationship between the sequence and
itself at positive indices. This illustrates the recurrence property of the sequence at the negative
index. Meanwhile, this connection holds for all integers. Furthermore, we give some identities and
matrices related with these sequences.
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1 INTRODUCTION

In [1], Behera and Panda introduced a new
sequence of numbers called balancing numbers.
They defined balancing numbers n as solutions
of the diophantine equation

1+2+· · ·+(n−1) = (n+1)+(n+2)+· · ·+(n+r)

for some natural number r, called the balancer
corresponding to n. The nth balancing number
is denoted by Bn. Moreover, Cn =

√
8B2

n + 1
is called the nth Lucas-balancing number (see
[2]). Bn and Cn satisfy the following second order
linear recurrence relations

Bn = 6Bn−1 − Bn−2, B0 = 0, B1 = 1, n ≥ 0,

Cn = 6Cn−1 − Cn−2, C0 = 1, C1 = 3, n ≥ 0,

respectively. (Bn)n≥0 is the sequence
A001109 in the OEIS [3], whereas (Bn)n≥0

is the id-number A001541 in OEIS.
Balancing and Lucas-balancing sequences
has been studied by many authors and
more detail can be found in the extensive
literature dedicated to these sequences,
see for example, [1,4,5,6,7,8,9,10,11,12,
13,2,14,15,16,17,18,19,20,21,22,23].

Generalizations of balancing numbers can be
obtained in various ways (see for example
[4,7,9,10,11,12,13,21]). Our generalizations of
balancing numbers in section 2 are balancing in
the sense of [7] but are not balancing in the sense
of [4].

The purpose of this article is to generalize
and investigate these interesting sequence of

numbers (balancing numbers). First, we recall
some properties of Fibonacci numbers and its
generalizations, namely generalized Fibonacci
numbers.

The Fibonacci numbers and their generalizations
have many interesting properties and
applications to almost every field such
as architecture, nature, art, physics and
engineering. The sequence of Fibonacci
numbers {Fn}n≥0 is defined by

Fn = Fn−1 + Fn−2, n ≥ 2, F0 = 0, F1 = 1.

The generalization of Fibonacci sequence leads
to several nice and interesting sequences. The
generalized Fibonacci sequence (or generalized
(r, s)-sequence or Horadam sequence or 2-step
Fibonacci sequence) {Wn(W0,W1; r, s)}n≥0 (or
shortly {Wn}n≥0) is defined (by Horadam [24])
as follows:

Wn = rWn−1+sWn−2, W0 = a,W1 = b, n ≥ 2
(1.1)

where W0,W1 are arbitrary complex (or real)
numbers and r, s are real numbers, see also
Horadam [25,26,27] and Soykan [28].

For some specific values of a, b, r and s, it
is worth presenting these special Horadam
numbers in a table as a specific name. In
literature, for example, the following names and
notations (see Table 1) are used for the special
cases of r, s and initial values.

Table 1. A few special case of generalized Fibonacci sequences

Name of sequence Wn(a, b; r, s) Binet Formula OEIS [3]

Fibonacci Wn(0, 1; 1, 1) = Fn

(
1+

√
5

2

)n

−
(

1−
√

5
2

)n

√
5

A000045

Lucas Wn(2, 1; 1, 1) = Ln

(
1+

√
5

2

)n

+
(

1−
√

5
2

)n

A000032

Pell Wn(0, 1; 2, 1) = Pn

(
1 +

√
2
)n −

(
1−

√
2
)n

2
√
2

A000129

Pell-Lucas Wn(2, 2; 2, 1) = Qn

(
1 +

√
2
)n

+
(
1−

√
2
)n

A002203
Jacobsthal Wn(0, 1; 1, 2) = Jn

2n−(−1)n

3
A001045

Jacobsthal-Lucas Wn(2, 1; 1, 2) = jn 2n + (−1)n A014551
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Here, OEIS stands for On-line Encyclopedia of Integer Sequences.

The sequence {Wn}n≥0 can be extended to negative subscripts by defining

W−n = −r

s
W−(n−1) +

1

s
W−(n−2)

for n = 1, 2, 3, ... when s ̸= 0. Therefore, recurrence (1.1) holds for all integer n.

Now we define two special cases of the sequence {Wn}. (r, s) sequence {Gn(0, 1; r, s)}n≥0 and
Lucas (r, s) sequence {Hn(2, r; r, s)}n≥0 are defined, respectively, by the second-order recurrence
relations

Gn+2 = rGn+1 + sGn, G0 = 0, G1 = 1, (1.2)

Hn+2 = rHn+1 + sHn, H0 = 2, H1 = r, (1.3)

The sequences {Gn}n≥0, {Hn}n≥0 and {En}n≥0 can be extended to negative subscripts by defining

G−n = −r

s
G−(n−1) +

1

s
G−(n−2),

H−n = −r

s
H−(n−1) +

1

s
H−(n−2),

for n = 1, 2, 3, ... respectively. Therefore, recurrences (1.2)-(1.3) hold for all integer n.

Some special cases of (r, s) sequence {Gn(0, 1; r, s)}n≥0 and Lucas (r, s) sequence {Hn(2, r; r, s)}n≥0

are as follows:

1. Gn(0, 1; 1, 1) = Fn, Fibonacci sequence,

2. Hn(2, 1; 1, 1) = Ln, Lucas sequence,

3. Gn(0, 1; 2, 1) = Pn, Pell sequence,

4. Hn(2, 2; 2, 1) = Qn, Pell-Lucas sequence,

5. Gn(0, 1; 1, 2) = Jn, Jacobsthal sequence,

6. Hn(2, 1; 1, 2) = jn, Jacobsthal-Lucas sequence.

The following theorem shows that the generalized Fibonacci sequence Wn at negative indices can
be expressed by the sequence itself at positive indices.

Theorem 1.1. For n ∈ Z, for the generalized Fibonacci sequence (or generalized (r, s)-sequence or
Horadam sequence or 2-step Fibonacci sequence) we have the following:

(a)

W−n = (−1)−n−1s−n(Wn −HnW0)

= (−1)n+1s−n(Wn −HnW0).

(b)

W−n =
(−1)n+1s−n

−W 2
1 + sW 2

0 + rW0W1
((2W1 − rW0)W0Wn+1 − (W 2

1 + sW 2
0 )Wn).

Proof. For the proof, see Soykan [29, Theorem 3.2 and Theorem 3.3]. �

The following theorem presents sum formulas of generalized (r, s) numbers (generalized Fibonacci
numbers).
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Theorem 1.2. Let x be a real (or complex) number. For all integers m and j, for generalized (r, s)
numbers (generalized Fibonacci numbers), we have the following sum formulas:

(a) If (−s)mx2 − xHm + 1 ̸= 0 then
n∑

k=0

xkWmk+j =
((−s)m x−Hm)xn+1Wmn+j + (−s)m xn+1Wmn+j−m +Wj − (−s)m xWj−m

(−s)mx2 − xHm + 1
.

(1.4)
(b) If (−s)mx2 − xHm + 1 = u(x − a)(x − b) = 0 for some u, a, b ∈ C with u ̸= 0 and a ̸= b, i.e.,

x = a or x = b, then
n∑

k=0

x
k
Wmk+j =

(x(n + 2) (−s)m − (n + 1)Hm)xnWj+mn + (−s)m (n + 1)xnWmn+j−m − (−s)m Wj−m

2 (−s)m x − Hm
.

(c) If (−s)mx2 − xHm + 1 = u(x − c)2 = 0 for some u, c ∈ C with u ̸= 0, i.e., x = c, then

n∑
k=0

x
k
Wmk+j =

(n + 1)
(
(−s)m (n + 2)xn − nxn−1Hm

)
Wmn+j + n(n + 1) (−s)m xn−1Wmn+j−m

2 (−s)m
.

Proof. It is given in Soykan [29, Theorem 4.1]. �

Note that (1.4) can be written in the following form
n∑

k=1

x
k
Wmk+j =

((−s)m x − Hm)xn+1Wmn+j + (−s)m xn+1Wmn+j−m + x(Hm − (−s)m x)Wj − (−s)m xWj−m

(−s)mx2 − xHm + 1
.

We give the ordinary generating function
∞∑

n=0

Wnx
n of the sequence {Wn}.

Lemma 1.3. Suppose that fWn(x) =
∞∑

n=0

Wnx
n is the ordinary generating function of the generalized

Fibonacci sequence {Wn}n≥0. Then,
∞∑

n=0

Wnx
n is given by

∞∑
n=0

Wnx
n =

W0 + (W1 − rW0)x

1− rx− sx2
. (1.5)

Proof. For a proof, see [28, Lemma 1.1]. �

1.1 Binet’s Formula for the Distinct Roots Case and Single Root Case
Let α and β be two roots of the quadratic equation

x2 − rx− s = 0, (1.6)

of which the left-hand side is called the characteristic polynomial (or the characteristic equation) of
the recurrence relation (1.1). The following theorem presents the Binet’s formula of the sequence
Wn.

Theorem 1.4. The general term of the sequence Wn can be presented by the following Binet formula:

Wn =


W1 − βW0

α− β
αn − W1 − αW0

α− β
βn , if α ̸= β (Distinct Roots Case)

(nW1 − α (n− 1)W0)α
n−1 , if α = β (Single Root Case)

=


W1 − βW0

α− β
αn − W1 − αW0

α− β
βn , if α ̸= β (Distinct Roots Case)

(nW1 − r
2
(n− 1)W0)

(
r
2

)n−1
, if α = β (Single Root Case)

.
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Proof. For a proof, see Soykan [28] and [29]. �

The roots of characteristic equation are

α =
r +

√
∆

2
, β =

r −
√
∆

2
. (1.7)

where
∆ = r2 + 4s

and the followings hold

α+ β = r,

αβ = −s,

(α− β)2 = (α+ β)2 − 4αβ = r2 + 4s.

If ∆ = r2 + 4s ̸= 0 then α ̸= β i.e., there are distinct roots of the quadratic equation (1.6) and if
∆ = r2 + 4s = 0 then α = β, i.e., there is a single root of the quadratic equation (1.6).

In the case r2 + 4s ̸= 0 so that α ̸= β, for all integers n, (r, s) and Lucas (r, s) numbers (using initial
conditions in Theorem 1.4) can be expressed using Binet’s formulas as

Gn =
αn

(α− β)
+

βn

(β − α)
,

Hn = αn + βn,

respectively. In the case r2 + 4s = 0 so that α = β, for all integers n, (r, s) and Lucas (r, s) numbers
(using initial conditions in Theorem 1.4) can be expressed using Binet’s formulas as

Gn = nαn−1,

Hn = 2αn,

respectively.

2 GENERALIZED BALANCING SEQUENCE

In this paper, we consider the case r = 6, s = −1. A generalized balancing sequence {Wn}n≥0 =
{Wn(W0,W1)}n≥0 is defined by the second-order recurrence relation

Wn = 6Wn−1 −Wn−2 (2.1)

with the initial values W0 = c0,W1 = c1 not all being zero.

The sequence {Wn}n≥0 can be extended to negative subscripts by defining

W−n = 6W−(n−1) −W−(n−2)

for n = 1, 2, 3, .... Therefore, recurrence (2.1) holds for all integer n.

By Theorem 1.4, the Binet formula of generalized balancing numbers can be written as

Wn =
W1 − βW0

α− β
αn − W1 − αW0

α− β
βn
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where α and β are the roots of the quadratic equation x2 − 6x+ 1 = 0.Moreover

α = 3 + 2
√
2

β = 3− 2
√
2

Note that

α+ β = 6,

αβ = −1,

α− β = 4
√
2.

So

Wn =
W1 − (3− 2

√
2)W0

4
√
2

(3 + 2
√
2)n − W1 − (3 + 2

√
2)W0

4
√
2

(3− 2
√
2)n. (2.2)

The first few generalized balancing numbers with positive subscript and negative subscript are given
in the following Table 2.

Table 2. A few generalized balancing numbers

n Wn W−n

0 W0 W0

1 W1 6W0 −W1

2 6W1 −W0 35W0 − 6W1

3 35W1 − 6W0 204W0 − 35W1

4 204W1 − 35W0 1189W0 − 204W1

5 1189W1 − 204W0 6930W0 − 1189W1

6 6930W1 − 1189W0 40391W0 − 6930W1

7 40391W1 − 6930W0 235416W0 − 40391W1

8 235416W1 − 40391W0 1372105W0 − 235416W1

9 1372105W1 − 235416W0 7997214W0 − 1372105W1

10 7997214W1 − 1372105W0 46611179W0 − 7997214W1

Now we define three special cases of the sequence {Wn}. balancing sequence {Bn}n≥0, modified
Lucas-balancing sequence {Hn}n≥0 and Lucas-balancing sequence {Cn}n≥0 are defined, respectively,
by the second-order recurrence relations

Bn = 6Bn−1 −Bn−2, B0 = 0, B1 = 1, (2.3)

Hn = 6Hn−1 −Hn−2, H0 = 2, H1 = 6, (2.4)

Cn = 6Cn−1 − Cn−2, C0 = 1, C1 = 3. (2.5)

The sequences {Bn}n≥0, {Hn}n≥0 and {Cn}n≥0 can be extended to negative subscripts by defining

B−n = 6B−(n−1) −B−(n−2),

H−n = 6H−(n−1) −H−(n−2),

C−n = 6C−(n−1) − C−(n−2),

for n = 1, 2, 3, ... respectively. Therefore, recurrences (2.3)-(2.5) hold for all integer n.

Next, we present the first few values of the balancing, modified Lucas-balancing and Lucas-balancing
numbers with positive and negative subscripts:

83



Soykan; AJARR, 15(5): 78-100, 2021; Article no.AJARR.73148

Table 3. The first few values of the special second-order numbers with positive and negative
subscripts

n 0 1 2 3 4 5 6 7 8 9 10 11
Bn 0 1 6 35 204 1189 6930 40391 235416 1372105 7997214 46 611179
B−n −1 −6 −35 −204 −1189 −6930 −40391 −235416 −1372105 −7997214 −46 611179
Hn 2 6 34 198 1154 6726 39202 228486 1331714 7761798 45239074 263672646
H−n 6 34 198 1154 6726 39202 228486 1331714 7761798 45239074 263672646
Cn 1 3 17 99 577 3363 19601 114243 665857 3880899 22619537 131836 323
C−n 3 17 99 577 3363 19 601 114243 665857 3880899 22619537 131836323

For all integers n, balancing, modified Lucas-balancing and Lucas-balancing numbers (using initial
conditions in Theorem 1.4) can be expressed using Binet’s formulas as

Bn =
αn

(α− β)
+

βn

(β − α)
,

Hn = αn + βn,

Cn =
αn + βn

2
,

respectively. Note that

Cn =
Hn

2
.

Next, we give the ordinary generating function
∞∑

n=0

Wnx
n of the sequence {Wn}.

Lemma 2.1. Suppose that fWn(x) =
∞∑

n=0

Wnx
n is the ordinary generating function of the generalized

balancing sequence {Wn}n≥0. Then,
∞∑

n=0

Wnx
n is given by

∞∑
n=0

Wnx
n =

W0 + (W1 − 6W0)x

1− 6x+ x2
(2.6)

Proof. In Lemma 1.3, take r = 6, s = −1. �

The previous Lemma gives the following results as particular examples.

Corollary 2.2. Generated functions of balancing, modified Lucas-balancing and Lucas-balancing
numbers are

∞∑
n=0

Bnx
n =

x

1− 6x+ x2
,

∞∑
n=0

Hnx
n =

2− 6x

1− 6x+ x2
,

∞∑
n=0

Cnx
n =

1− 3x

1− 6x+ x2
,

respectively.

Proof. In Lemma 2.1, take Wn = Bn with B0 = 0, B1 = 1, Wn = Hn with H0 = 2, H1 = 6 and
Wn = Cn with C0 = 1, C1 = 3, respectively. �
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3 SIMSON FORMULAS

There is a well-known Simson Identity (formula) for Fibonacci sequence {Fn}, namely,

Fn+1Fn−1 − F 2
n = (−1)n

which was derived first by R. Simson in 1753 and it is now called as Cassini Identity (formula) as well.
This can be written in the form ∣∣∣∣ Fn+1 Fn

Fn Fn−1

∣∣∣∣ = (−1)n.

The following theorem gives generalization of this result to the generalized balancing sequence
{Wn}n≥0.

Theorem 3.1 (Simson Formula of Generalized Balancing Numbers). For all integers n, we have∣∣∣∣ Wn+1 Wn

Wn Wn−1

∣∣∣∣ = ∣∣∣∣ W1 W0

W0 W−1

∣∣∣∣ = −(W 2
1 +W 2

0 − 6W0W1). (3.1)

Proof. For a proof of Eq. (3.1), see Soykan [30], just take s = −1. �

The previous theorem gives the following results as particular examples.

Corollary 3.2. For all integers n, balancing, modified Lucas-balancing and Lucas-balancing numbers
are given as ∣∣∣∣ Bn+1 Bn

Bn Bn−1

∣∣∣∣ = −1,∣∣∣∣ Hn+1 Hn

Hn Hn−1

∣∣∣∣ = 32,∣∣∣∣ Cn+1 Cn

Cn Cn−1

∣∣∣∣ = 8.

respectively.

4 SOME IDENTITIES

In this section, we obtain some identities of generalized balancing, balancing, modified Lucas-balancing
and Lucas-balancing numbers. First, we can give a few basic relations between {Wn} and {Bn}.

Lemma 4.1. The following equalities are true:

Wn = (204W0 − 35W1)Bn+4 + (−1189W0 + 204W1)Bn+3, (4.1)

Wn = (35W0 − 6W1)Bn+3 + (−204W0 + 35W1)Bn+2,

Wn = (6W0 −W1)Bn+2 + (−35W0 + 6W1)Bn+1,

Wn = W0Bn+1 + (W1 − 6W0)Bn,

Wn = W1Bn −W0Bn−1,

and

(W 2
0 +W 2

1 − 6W0W1)Bn = (6W0 − 35W1)Wn+4 − (35W0 − 204W1)Wn+3,

(W 2
0 +W 2

1 − 6W0W1)Bn = (W0 − 6W1)Wn+3 − (6W0 − 35W1)Wn+2,

(W 2
0 +W 2

1 − 6W0W1)Bn = −W1Wn+2 − (W0 − 6W1)Wn+1,

(W 2
0 +W 2

1 − 6W0W1)Bn = −W0Wn+1 +W1Wn,

(W 2
0 +W 2

1 − 6W0W1)Bn = (W1 − 6W0)Wn +W0Wn−1.

85



Soykan; AJARR, 15(5): 78-100, 2021; Article no.AJARR.73148

Proof. Note that all the identities hold for all integers n. We prove (4.1). To show (4.1), writing

Wn = a×Bn+4 + b×Bn+3

and solving the system of equations

W0 = a×B4 + b×B3

W1 = a×B5 + b×B4

we find that a = 204W0−35W1, b = −1189W0 +204W1. The other equalities can be proved similarly.
�

Note that all the identities in the above Lemma can be proved by induction as well.

Next, we present a few basic relations between {Hn} and {Wn}.

Lemma 4.2. The following equalities are true:

16Wn = −(577W0 − 99W1)Hn+4 + (3363W0 − 577W1)Hn+3,

16Wn = −(99W0 − 17W1)Hn+3 + (577W0 − 99W1)Hn+2,

16Wn = −(17W0 − 3W1)Hn+2 + (99W0 − 17W1)Hn+1,

16Wn = −(3W0 −W1)Hn+1 + (17W0 − 3W1)Hn,

16Wn = −(W0 − 3W1)Hn + (3W0 −W1)Hn−1,

and

(W 2
0 +W 2

1 − 6W0W1)Hn = −2(17W0 − 99W1)Wn+4 + 2(99W0 − 577W1)Wn+3,

(W 2
0 +W 2

1 − 6W0W1)Hn = −2(3W0 − 17W1)Wn+3 + 2(17W0 − 99W1)Wn+2,

(W 2
0 +W 2

1 − 6W0W1)Hn = −2(W0 − 3W1)Wn+2 + 2(3W0 − 17W1)Wn+1,

(W 2
0 +W 2

1 − 6W0W1)Hn = −2(3W0 −W1)Wn+1 + 2(W0 − 3W1)Wn,

(W 2
0 +W 2

1 − 6W0W1)Hn = −2(17W0 − 3W1)Wn + 2(3W0 −W1)Wn−1.

Now, we give a few basic relations between {Wn} and {Cn}.

Lemma 4.3. The following equalities are true:

8Wn = −(577W0 − 99W1)Cn+4 + (3363W0 − 577W1)Cn+3,

8Wn = −(99W0 − 17W1)Cn+3 + (577W0 − 99W1)Cn+2,

8Wn = −(17W0 − 3W1)Cn+2 + (99W0 − 17W1)Cn+1,

8Wn = −(3W0 −W1)Cn+1 + (17W0 − 3W1)Cn,

8Wn = −(W0 − 3W1)Cn + (3W0 −W1)Cn−1,

and

(W 2
0 +W 2

1 − 6W0W1)Cn = −(17W0 − 99W1)Wn+4 + (99W0 − 577W1)Wn+3,

(W 2
0 +W 2

1 − 6W0W1)Cn = −(3W0 − 17W1)Wn+3 + (17W0 − 99W1)Wn+2,

(W 2
0 +W 2

1 − 6W0W1)Cn = −(W0 − 3W1)Wn+2 + (3W0 − 17W1)Wn+1,

(W 2
0 +W 2

1 − 6W0W1)Cn = (−3W0 +W1)Wn+1 + (W0 − 3W1)Wn,

(W 2
0 +W 2

1 − 6W0W1)Cn = (−17W0 + 3W1)Wn + (3W0 −W1)Wn−1.

Next, we present a few basic relations between {Bn} and {Hn}.
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Lemma 4.4. The following equalities are true:

Hn = 198Bn+4 − 1154Bn+3,

Hn = 34Bn+3 − 198Bn+2,

Hn = 6Bn+2 − 34Bn+1,

Hn = 2Bn+1 − 6Bn,

Hn = 6Bn − 2Bn−1,

and

32Bn = 198Hn+4 − 1154Hn+3,

32Bn = 34Hn+3 − 198Hn+2,

32Bn = 6Hn+2 − 34Hn+1,

32Bn = 2Hn+1 − 6Hn,

32Bn = 6Hn − 2Hn−1.

Now, we give a few basic relations between {Bn} and {Cn}.

Lemma 4.5. The following equalities are true:

Cn = 99Bn+4 − 577Bn+3,

Cn = 17Bn+3 − 99Bn+2,

Cn = 3Bn+2 − 17Bn+1,

Cn = Bn+1 − 3Bn,

Cn = 3Bn −Bn−1,

and

8Bn = 99Cn+4 − 577Cn+3,

8Bn = 17Cn+3 − 99Cn+2,

8Bn = 3Cn+2 − 17Cn+1,

8Bn = Cn+1 − 3Cn,

8Bn = 3Cn − Cn−1.

Next, we present a few basic relations between {Hn} and {Cn}.

Lemma 4.6. The following equalities are true:

Hn = −70Cn+4 + 408Cn+3,

Hn = −12Cn+3 + 70Cn+2,

Hn = −2Cn+2 + 12Cn+1,

Hn = 2Cn,

and

2Cn = −35Hn+4 + 204Hn+3,

2Cn = −6Hn+3 + 35Hn+2,

2Cn = −Hn+2 + 6Hn+1,

2Cn = Hn.
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We now present a few special identities for the generalized balancing sequence {Wn}.

Theorem 4.7. (Catalan’s identity of the generalized balancing sequence) For all integers n and m,
the following identity holds:

Wn+mWn−m −W 2
n = − 1

32
(W 2

1 +W 2
0 − 6W0W1)

((
−2

√
2 + 3

)m

−
(
2
√
2 + 3

)m)2

.

Proof. We use the identity (2.2). �

As special cases of the above theorem, we have the following corollary.

Corollary 4.8. For all integers n and m, the following identities hold:

(a) Bn+mBn−m −B2
n = − 1

32

((
−2

√
2 + 3

)m −
(
2
√
2 + 3

)m)2

.

(b) Hn+mHn−m −H2
n =

((
−2

√
2 + 3

)m −
(
2
√
2 + 3

)m)2

.

(c) Cn+mCn−m − C2
n = 1

4

((
−2

√
2 + 3

)m −
(
2
√
2 + 3

)m)2

.

Note that for m = 1 in Catalan’s identity of the generalized balancing sequence, we get the Cassini
identity for the generalized balancing sequnce.

Theorem 4.9. (Cassini’s identity of the generalized balancing sequence) For all integers n, the
following identity holds:

Wn+1Wn−1 −W 2
n = −(W 2

1 +W 2
0 − 6W0W1).

As special cases of the above theorem, we have the following corollary.

Corollary 4.10. For all integers n, the following identities hold:

(a) Bn+1Bn−1 −B2
n = −1.

(b) Hn+1Hn−1 −H2
n = 32.

(c) Cn+1Cn−1 − C2
n = 8.

The d’Ocagne’s, Gelin-Cesàro’s and Melham’ identities can also be obtained by using (2.2). The
next theorem presents d’Ocagne’s, Gelin-Cesàro’s and Melham’ identities of generalized balancing
sequence {Wn}.

Theorem 4.11. Let n and m be any integers. Then the following identities are true:

(a) (d’Ocagne’s identity)
Wm+1Wn − WmWn+1 = 1

8

√
2(W 2

1 + W 2
0 − 6W0W1)((−2

√
2 + 3)m(2

√
2 + 3)n − (−2

√
2 +

3)n(2
√
2 + 3)m).

(b) (Gelin-Cesàro’s identity)
Wn+2Wn+1Wn−1Wn−2−W 4

n = 37
32
(W 2

1 +W 2
0 −6W0W1)(−((3−2

√
2)2n+(3+2

√
2)2n− 1226

37
)

W 2
1 − ((3− 2

√
2)2n(17 + 12

√
2)− (3 + 2

√
2)2n(−17 + 12

√
2)− 1226

37
)W 2

0 + 2((3− 2
√
2)2n(3 +

2
√
2)− (−3 + 2

√
2)(3 + 2

√
2)2n − 3678

37
)W0W1).

(c) (Melham’s identity)
Wn+1Wn+2Wn+6−W 3

n+3 = − 1
8
(W 2

1 +W 2
0 −6W0W1)(−((3−2

√
2)n(−5180+3669

√
2)− (3+

2
√
2)n(5180 + 3669

√
2))W1 + ((3− 2

√
2)n(−864 + 647

√
2)− (3 + 2

√
2)n(864 + 647

√
2))W0).
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Proof. Use the identity (2.2). �

As special cases of the above theorem, we have the following three corollaries. First one presents
d’Ocagne’s, Gelin-Cesàro’s and Melham’ identities of balancing sequence {Bn}.

Corollary 4.12. Let n and m be any integers. Then the following identities are true:

(a) (d’Ocagne’s identity)

Bm+1Bn −BmBn+1 =
1

8

√
2((−2

√
2 + 3)m(2

√
2 + 3)n − (−2

√
2 + 3)n(2

√
2 + 3)m).

(b) (Gelin-Cesàro’s identity)

Bn+2Bn+1Bn−1Bn−2 −B4
n = −37

32
((3− 2

√
2)2n + (3 + 2

√
2)2n − 1226

37
).

(c) (Melham’s identity)

Bn+1Bn+2Bn+6−B3
n+3 =

1

8
((3−2

√
2)n(−5180+3669

√
2)−

(
(3 + 2

√
2)
)n

(5180+3669
√
2)).

Second one presents d’Ocagne’s, Gelin-Cesàro’s and Melham’ identities of modified Lucas-balancing
sequence {Hn}.

Corollary 4.13. Let n and m be any integers. Then the following identities are true:

(a) (d’Ocagne’s identity)

Hm+1Hn −HmHn+1 = −4
√
2((−2

√
2 + 3)m(2

√
2 + 3)n − (−2

√
2 + 3)n(2

√
2 + 3)m).

(b) (Gelin-Cesàro’s identity)

Hn+2Hn+1Hn−1Hn−2 −H4
n = 1184((3− 2

√
2)2n + (3 + 2

√
2)2n +

1226

37
).

(c) (Melham’s identity)

Hn+1Hn+2Hn+6−H3
n+3 = 32(−(3−2

√
2)n(−3669+2590

√
2)+(3+2

√
2)n(3669+2590

√
2)).

Third one presents d’Ocagne’s, Gelin-Cesàro’s and Melham’ identities of balancing sequence {Cn}.

Corollary 4.14. Let n and m be any integers. Then the following identities are true:

(a) (d’Ocagne’s identity)

Cm+1Cn − CmCn+1 = −
√
2((−2

√
2 + 3)m(2

√
2 + 3)n − (−2

√
2 + 3)n(2

√
2 + 3)m)

(b) (Gelin-Cesàro’s identity)

Cn+2Cn+1Cn−1Cn−2 − C4
n = 74((3− 2

√
2)2n + (3 + 2

√
2)2n +

1226

37
)

(c) (Melham’s identity)

Cn+1Cn+2Cn+6 − C3
n+3 = 4(−(3− 2

√
2)n(−3669 + 2590

√
2) + (3 + 2

√
2)n(3669 + 2590

√
2))
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5 ON THE RECURRENCE PROPERTIES OF GENERALIZED
BALANCING SEQUENCE

Taking r = 6, s = −1 in Theorem 1.1 (a) and (b), we obtain the following Proposition.

Proposition 5.1. For n ∈ Z, generalized balancing numbers (the case r = 6, s = −1) have the
following identity:

W−n = −(Wn −HnW0)

=
−1

−W 2
1 −W 2

0 + 6W0W1
((2W1 − 6W0)W0Wn+1 − (W 2

1 −W 2
0 )Wn).

From the above Proposition, we have the following corollary which gives the connection between
the special cases of generalized balancing sequence at the positive index and the negative index:
for balancing, modified Lucas-balancing and Lucas-balancing numbers: take Wn = Bn with B0 =
0, B1 = 1, take Wn = Hn with H0 = 2, H1 = 6 and Wn = Cn with C0 = 1, C1 = 3, respectively. Note
that in this case Hn = Hn.

Corollary 5.2. For n ∈ Z, we have the following recurrence relations:

(a) balancing sequence:

B−n = −Bn = −
(

αn

(α− β)
+

βn

(β − α)

)
.

(b) modified Lucas-balancing sequence:
H−n = Hn = αn + βn.

(c) Lucas-balancing sequence:

C−n = Cn =
αn + βn

2
.

6 THE SUM FORMULA
∑n

k=0 x
kWmk+j

The following theorem presents sum formulas of generalized balancing numbers.

Theorem 6.1. Let x be a real (or complex) number. For all integers m and j, for generalized balancing
numbers we have the following sum formulas:

(a) if x2 − xHm + 1 ̸= 0 then
n∑

k=0

xkWmk+j =
(x−Hm)xn+1Wmn+j + xn+1Wmn+j−m +Wj − xWj−m

x2 − xHm + 1
(6.1)

(b) If x2 − xHm + 1 = (x − a)(x − b) = 0 for some u, a, b ∈ C with u ̸= 0 and a ̸= b, i.e., x = a or
x = b, then

n∑
k=0

xkWmk+j =
((2 + n)x− (n+ 1)Hm)xnWmn+j + (n+ 1)xnWmn+j−m −Wj−m

2x−Hm

(c) If x2 − xHm + 1 = (x− c)2 = 0 for some u, c ∈ C with u ̸= 0, i.e., x = c, then
n∑

k=0

xkWmk+j =
(n+ 1)((n+ 2)xn − nxn−1Hm)Wmn+j + n(n+ 1)xn−1Wmn+j−m

2
.
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Proof. Take r = 6, s = −1 and Hn = Hn in Theorem 1.2. �

Note that (6.1) can be written in the following form

n∑
k=1

xkWmk+j =
(x−Hm)xn+1Wmn+j + xn+1Wmn+j−m + x(Hm − x)Wj − xWj−m

x2 − xHm + 1
.

As special cases of m and j in the last Theorem, we obtain the following proposition.

Proposition 6.2. For generalized balancing numbers (the case r = 6, s = −1) we have the following
sum formulas:

(a) (m = 1, j = 0)

If x2 − 6x+ 1 ̸= 0, i.e., x ̸= 3 + 2
√
2, x ̸= 3− 2

√
2, then

n∑
k=0

xkWk =
(x− 6)xn+1Wn + xn+1Wn−1 + (W1 − 6W0)x+W0

x2 − 6x+ 1
,

and
if x2 − 6x+ 1 = 0, i.e., x = 3 + 2

√
2 or x = 3− 2

√
2, then

n∑
k=0

xkWk =
(2x− 6 + n(x− 6))xnWn + (n+ 1)xnWn−1 + (W1 − 6W0)

2x− 6
.

(b) (m = 2, j = 0)

If x2 − 34x+ 1 ̸= 0, i.e., x ̸= 17 + 12
√
2, x ̸= 17− 12

√
2, then

n∑
k=0

xkW2k =
(x− 34)xn+1W2n + xn+1W2n−2 + (6W1 − 35W0)x+W0

x2 − 34x+ 1
,

and
if x2 − 34x+ 1 = 0, i.e., x = 17 + 12

√
2 or x = 17− 12

√
2, then

n∑
k=0

xkW2k =
(2x− 34 + n(x− 34))xnW2n + (n+ 1)xnW2n−2 + (6W1 − 35W0)

2x− 34
.

(c) (m = 2, j = 1)

If x2 − 34x+ 1 ̸= 0, i.e., x ̸= 17 + 12
√
2, x ̸= 17− 12

√
2, then

n∑
k=0

xkW2k+1 =
(x− 34)xn+1W2n+1 + xn+1W2n−1 + (W1 − 6W0)x+W1

x2 − 34x+ 1
,

and
if x2 − 34x+ 1 = 0, i.e., x = 17 + 12

√
2 or x = 17− 12

√
2, then

n∑
k=0

xkW2k+1 =
((2 + n)x− 34(n+ 1))xnW2n+1 + (n+ 1)xnW2n−1 + (W1 − 6W0)

2x− 34
.

(d) (m = −1, j = 0)

If x2 − 6x+ 1 ̸= 0, i.e., x ̸= 3 + 2
√
2, x ̸= 3− 2

√
2, then

n∑
k=0

xkW−k =
xn+1W−n+1 + (x− 6)xn+1W−n −W1x+W0

x2 − 6x+ 1
,
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and
if x2 − 6x+ 1 = 0, i.e., x = 3 + 2

√
2 or x = 3− 2

√
2, then

n∑
k=0

xkW−k =
(n+ 1)xnW−n+1 + (2x− 6 + n(x− 6))xnW−n −W1

2x− 6
.

(e) (m = −2, j = 0)

If x2 − 34x+ 1 ̸= 0, i.e., x ̸= 17 + 12
√
2, x ̸= 17− 12

√
2, then

n∑
k=0

xkW−2k =
xn+1W−2n+2 + (x− 34)xn+1W−2n − xW2 +W0

x2 − 34x+ 1
,

and
if x2 − 34x+ 1 = 0, i.e., x = 17 + 12

√
2 or x = 17− 12

√
2, then

n∑
k=0

xkW−2k =
(n+ 1)xnW−2n+2 + (2x− 34 + n(x− 34))xnW−2n −W2

2x− 34
.

(f) (m = −2, j = 1)

If x2 − 34x+ 1 ̸= 0, i.e., x ̸= 17 + 12
√
2, x ̸= 17− 12

√
2, then

n∑
k=0

xkW−2k+1 =
xn+1W−2n+3 + (x− 34)xn+1W−2n+1 −W3x+W1

x2 − 34x+ 1
,

and
if x2 − 34x+ 1 = 0, i.e., x = 17 + 12

√
2 or x = 17− 12

√
2, then

n∑
k=0

xkW−2k+1 =
(n+ 1)xnW−2n+3 + (2x− 34 + n(x− 34))xnW−2n+1 −W3

2x− 34
.

From the above proposition, we have the following corollary which gives sum formulas of balancing
numbers (take Wn = Bn with B0 = .0, B1 = 1).

Corollary 6.3. For n ≥ 0, balancing numbers have the following properties:

(a) (m = 1, j = 0)

If x2 − 6x+ 1 ̸= 0, i.e., x ̸= 3 + 2
√
2, x ̸= 3− 2

√
2, then

n∑
k=0

xkBk =
(x− 6)xn+1Bn + xn+1Bn−1 + x

x2 − 6x+ 1
,

and
if x2 − 6x+ 1 = 0, i.e., x = 3 + 2

√
2 or x = 3− 2

√
2, then

n∑
k=0

xkBk =
(2x− 6 + n(x− 6))xnBn + (n+ 1)xnBn−1 + 1

2x− 6
.

(b) (m = 2, j = 0)

If x2 − 34x+ 1 ̸= 0, i.e., x ̸= 17 + 12
√
2, x ̸= 17− 12

√
2, then

n∑
k=0

xkB2k =
(x− 34)xn+1B2n + xn+1B2n−2 + 6x

x2 − 34x+ 1
,
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and
if x2 − 34x+ 1 = 0, i.e., x = 17 + 12

√
2 or x = 17− 12

√
2, then

n∑
k=0

xkB2k =
(2x− 34 + n(x− 34))xnB2n + (n+ 1)xnB2n−2 + 6

2x− 34
.

(c) (m = 2, j = 1)

If x2 − 34x+ 1 ̸= 0, i.e., x ̸= 17 + 12
√
2, x ̸= 17− 12

√
2, then

n∑
k=0

xkB2k+1 =
(x− 34)xn+1B2n+1 + xn+1B2n−1 + x+ 1

x2 − 34x+ 1
,

and
if x2 − 34x+ 1 = 0, i.e., x = 17 + 12

√
2 or x = 17− 12

√
2, then

n∑
k=0

xkB2k+1 =
((2 + n)x− 34(n+ 1))xnB2n+1 + (n+ 1)xnB2n−1 + 1

2x− 34
.

(d) (m = −1, j = 0)

If x2 − 6x+ 1 ̸= 0, i.e., x ̸= 3 + 2
√
2, x ̸= 3− 2

√
2, then

n∑
k=0

xkB−k =
xn+1B−n+1 + (x− 6)xn+1B−n − x

x2 − 6x+ 1
,

and
if x2 − 6x+ 1 = 0, i.e., x = 3 + 2

√
2 or x = 3− 2

√
2, then

n∑
k=0

xkB−k =
(n+ 1)xnB−n+1 + (2x− 6 + n(x− 6))xnB−n − 1

2x− 6
.

(e) (m = −2, j = 0)

If x2 − 34x+ 1 ̸= 0, i.e., x ̸= 17 + 12
√
2, x ̸= 17− 12

√
2, then

n∑
k=0

xkB−2k =
xn+1B−2n+2 + (x− 34)xn+1B−2n − 6x

x2 − 34x+ 1
,

and
if x2 − 34x+ 1 = 0, i.e., x = 17 + 12

√
2 or x = 17− 12

√
2, then

n∑
k=0

xkB−2k =
(n+ 1)xnB−2n+2 + (2x− 34 + n(x− 34))xnB−2n − 6

2x− 34
.

(f) (m = −2, j = 1)

If x2 − 34x+ 1 ̸= 0, i.e., x ̸= 17 + 12
√
2, x ̸= 17− 12

√
2, then

n∑
k=0

xkB−2k+1 =
xn+1B−2n+3 + (x− 34)xn+1B−2n+1 − 35x+ 1

x2 − 34x+ 1
,

and
if x2 − 34x+ 1 = 0, i.e., x = 17 + 12

√
2 or x = 17− 12

√
2, then

n∑
k=0

xkB−2k+1 =
(n+ 1)xnB−2n+3 + (2x− 34 + n(x− 34))xnB−2n+1 − 35

2x− 34
.
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Taking Wn = Hn with H0 = 2, H1 = 6 in the last proposition, we have the following corollary which
presents sum formulas of modified Lucas-balancing numbers.

Corollary 6.4. For n ≥ 0, modified Lucas-balancing numbers have the following properties:

(a) (m = 1, j = 0)

If x2 − 6x+ 1 ̸= 0, i.e., x ̸= 3 + 2
√
2, x ̸= 3− 2

√
2, then

n∑
k=0

xkHk =
(x− 6)xn+1Hn + xn+1Hn−1 − 6x+ 2

x2 − 6x+ 1
,

and
if x2 − 6x+ 1 = 0, i.e., x = 3 + 2

√
2 or x = 3− 2

√
2, then

n∑
k=0

xkHk =
(2x− 6 + n(x− 6))xnHn + (n+ 1)xnHn−1 − 6

2x− 6
.

(b) (m = 2, j = 0)

If x2 − 34x+ 1 ̸= 0, i.e., x ̸= 17 + 12
√
2, x ̸= 17− 12

√
2, then

n∑
k=0

xkH2k =
(x− 34)xn+1H2n + xn+1H2n−2 − 34x+ 2

x2 − 34x+ 1
,

and
if x2 − 34x+ 1 = 0, i.e., x = 17 + 12

√
2 or x = 17− 12

√
2, then

n∑
k=0

xkH2k =
(2x− 34 + n(x− 34))xnH2n + (n+ 1)xnH2n−2 − 34

2x− 34
.

(c) (m = 2, j = 1)

If x2 − 34x+ 1 ̸= 0, i.e., x ̸= 17 + 12
√
2, x ̸= 17− 12

√
2, then

n∑
k=0

xkH2k+1 =
(x− 34)xn+1H2n+1 + xn+1H2n−1 − 6x+ 6

x2 − 34x+ 1
,

and
if x2 − 34x+ 1 = 0, i.e., x = 17 + 12

√
2 or x = 17− 12

√
2, then

n∑
k=0

xkH2k+1 =
((2 + n)x− 34(n+ 1))xnH2n+1 + (n+ 1)xnH2n−1 − 6

2x− 34
.

(d) (m = −1, j = 0)

If x2 − 6x+ 1 ̸= 0, i.e., x ̸= 3 + 2
√
2, x ̸= 3− 2

√
2, then

n∑
k=0

xkH−k =
xn+1H−n+1 + (x− 6)xn+1H−n − 6x+ 2

x2 − 6x+ 1
,

and
if x2 − 6x+ 1 = 0, i.e., x = 3 + 2

√
2 or x = 3− 2

√
2, then

n∑
k=0

xkH−k =
(n+ 1)xnH−n+1 + (2x− 6 + n(x− 6))xnH−n − 6

2x− 6
.
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(e) (m = −2, j = 0)

If x2 − 34x+ 1 ̸= 0, i.e., x ̸= 17 + 12
√
2, x ̸= 17− 12

√
2, then

n∑
k=0

xkH−2k =
xn+1H−2n+2 + (x− 34)xn+1H−2n − 34x+ 2

x2 − 34x+ 1
,

and
if x2 − 34x+ 1 = 0, i.e., x = 17 + 12

√
2 or x = 17− 12

√
2, then

n∑
k=0

xkH−2k =
(n+ 1)xnH−2n+2 + (2x− 34 + n(x− 34))xnH−2n − 34

2x− 34
.

(f) (m = −2, j = 1)

If x2 − 34x+ 1 ̸= 0, i.e., x ̸= 17 + 12
√
2, x ̸= 17− 12

√
2, then

n∑
k=0

xkH−2k+1 =
xn+1H−2n+3 + (x− 34)xn+1H−2n+1 − 198x+ 6

x2 − 34x+ 1
,

and
if x2 − 34x+ 1 = 0, i.e., x = 17 + 12

√
2 or x = 17− 12

√
2, then

n∑
k=0

xkH−2k+1 =
(n+ 1)xnH−2n+3 + (2x− 34 + n(x− 34))xnH−2n+1 − 198

2x− 34
.

From the above proposition, we have the following corollary which gives sum formulas of Lucas-
balancing numbers (take Wn = Cn with C0 = 1, C1 = 3).

Corollary 6.5. For n ≥ 0, Lucas-balancing numbers have the following properties:

(a) (m = 1, j = 0)

If x2 − 6x+ 1 ̸= 0, i.e., x ̸= 3 + 2
√
2, x ̸= 3− 2

√
2, then

n∑
k=0

xkCk =
(x− 6)xn+1Cn + xn+1Cn−1 − 3x+ 1

x2 − 6x+ 1
,

and
if x2 − 6x+ 1 = 0, i.e., x = 3 + 2

√
2 or x = 3− 2

√
2, then

n∑
k=0

xkCk =
(2x− 6 + n(x− 6))xnCn + (n+ 1)xnCn−1 − 3

2x− 6
.

(b) (m = 2, j = 0)

If x2 − 34x+ 1 ̸= 0, i.e., x ̸= 17 + 12
√
2, x ̸= 17− 12

√
2, then

n∑
k=0

xkC2k =
(x− 34)xn+1C2n + xn+1C2n−2 − 17x+ 1

x2 − 34x+ 1
,

and
if x2 − 34x+ 1 = 0, i.e., x = 17 + 12

√
2 or x = 17− 12

√
2, then

n∑
k=0

xkC2k =
(2x− 34 + n(x− 34))xnC2n + (n+ 1)xnC2n−2 − 17

2x− 34
.
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(c) (m = 2, j = 1)

If x2 − 34x+ 1 ̸= 0, i.e., x ̸= 17 + 12
√
2, x ̸= 17− 12

√
2, then

n∑
k=0

xkC2k+1 =
(x− 34)xn+1C2n+1 + xn+1C2n−1 − 3x+ 3

x2 − 34x+ 1
,

and
if x2 − 34x+ 1 = 0, i.e., x = 17 + 12

√
2 or x = 17− 12

√
2, then

n∑
k=0

xkC2k+1 =
((2 + n)x− 34(n+ 1))xnC2n+1 + (n+ 1)xnC2n−1 − 3

2x− 34
.

(d) (m = −1, j = 0)

If x2 − 6x+ 1 ̸= 0, i.e., x ̸= 3 + 2
√
2, x ̸= 3− 2

√
2, then

n∑
k=0

xkC−k =
xn+1C−n+1 + (x− 6)xn+1C−n − 3x+ 1

x2 − 6x+ 1
,

and
if x2 − 6x+ 1 = 0, i.e., x = 3 + 2

√
2 or x = 3− 2

√
2, then

n∑
k=0

xkC−k =
(n+ 1)xnC−n+1 + (2x− 6 + n(x− 6))xnC−n − 3

2x− 6
.

(e) (m = −2, j = 0)

If x2 − 34x+ 1 ̸= 0, i.e., x ̸= 17 + 12
√
2, x ̸= 17− 12

√
2, then

n∑
k=0

xkC−2k =
xn+1C−2n+2 + (x− 34)xn+1C−2n − 17x+ 1

x2 − 34x+ 1
,

and
if x2 − 34x+ 1 = 0, i.e., x = 17 + 12

√
2 or x = 17− 12

√
2, then

n∑
k=0

xkC−2k =
(n+ 1)xnC−2n+2 + (2x− 34 + n(x− 34))xnC−2n − 17

2x− 34
.

(f) (m = −2, j = 1)

If x2 − 34x+ 1 ̸= 0, i.e., x ̸= 17 + 12
√
2, x ̸= 17− 12

√
2, then

n∑
k=0

xkC−2k+1 =
xn+1C−2n+3 + (x− 34)xn+1C−2n+1 − 99x+ 3

x2 − 34x+ 1
,

and
if x2 − 34x+ 1 = 0, i.e., x = 17 + 12

√
2 or x = 17− 12

√
2, then

n∑
k=0

xkC−2k+1 =
(n+ 1)xnC−2n+3 + (2x− 34 + n(x− 34))xnC−2n+1 − 99

2x− 34
.

Taking x = 1 in the last three corollaries we get the following corollary.

Corollary 6.6. For n ≥ 0, balancing numbers, modified Lucas-balancing numbers and Lucas-balancing
numbers have the following properties:
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1.

(a)
∑n

k=0 Bk = 1
4
(5Bn −Bn−1 − 1).

(b)
∑n

k=0 B2k = 1
32
(33B2n −B2n−2 − 6).

(c)
∑n

k=0 B2k+1 = 1
32
(33B2n+1 −B2n−1 − 2).

(d)
∑n

k=0 B−k = 1
4
(−B−n+1 + 5B−n + 1).

(e)
∑n

k=0 B−2k = 1
32
(−B−2n+2 + 33B−2n + 6).

(f)
∑n

k=0 B−2k+1 = 1
32
(−B−2n+3 + 33B−2n+1 + 34).

2.

(a)
∑n

k=0 Hk = 1
4
(5Hn −Hn−1 + 4).

(b)
∑n

k=0 H2k = 1
32
(33H2n −H2n−2 + 32).

(c)
∑n

k=0 H2k+1 = 1
32
(33H2n+1 −H2n−1).

(d)
∑n

k=0 H−k = 1
4
(−H−n+1 + 5H−n + 4).

(e)
∑n

k=0 H−2k = 1
32
(−H−2n+2 + 33H−2n + 32).

(f)
∑n

k=0 H−2k+1 = 1
32
(−H−2n+3 + 33H−2n+1 + 192).

3.

(a)
∑n

k=0 Ck = 1
4
(5Cn − Cn−1 + 2).

(b)
∑n

k=0 C2k = 1
32
(33C2n − C2n−2 + 16).

(c)
∑n

k=0 C2k+1 = 1
32
(33C2n+1 − C2n−1).

(d)
∑n

k=0 C−k = 1
4
(−C−n+1 + 5C−n + 2).

(e)
∑n

k=0 C−2k = 1
32
(−C−2n+2 + 33C−2n + 16).

(f)
∑n

k=0 C−2k+1 = 1
32
(−C−2n+3 + 33C−2n+1 + 96).

7 MATRICES RELATED WITH GENERALIZED BALANCING
NUMBERS

We define the square matrix A of order 2 as:

A =

(
6 −1
1 0

)
such that detA = 1. Then, we have(

Wn+1

Wn

)
=

(
6 −1
1 0

)(
Wn

Wn−1

)
(7.1)

and (
Wn+1

Wn

)
=

(
6 −1
1 0

)n (
W1

W0

)
.

If we take Wn = Bn in (7.1) we have(
Bn+1

Bn

)
=

(
6 −1
1 0

)(
Bn

Bn−1

)
. (7.2)
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We also define

Bn =

(
Bn+1 −Bn

Bn −Bn−1

)
and

Cn =

(
Wn+1 −Wn

Wn −Wn−1

)
.

Theorem 7.1. For all integers m,n, we have

(a) Bn = An

(b) C1A
n = AnC1

(c) Cn+m = CnBm = BmCn.

Proof. Take r = 6, s = −1 in Soykan [28, Theorem 5.1.]. �

Corollary 7.2. For all integers n, we have the following formulas for the balancing, modified Lucas-
balancing and Lucas-balancing numbers.

(a) balancing Numbers.

An =

(
6 −1
1 0

)n

=

(
Bn+1 −Bn

Bn −Bn−1

)
.

(b) Modified Lucas-balancing Numbers.

An =

(
6 −1
1 0

)n

= 1
16

(
3Hn+1 −Hn −(Hn+1 − 3Hn)
Hn+1 − 3Hn −(Hn − 3Hn−1)

)
.

(c) Lucas-balancing Numbers.

An =

(
6 −1
1 0

)n

= 1
8

(
3Cn+1 − Cn −(Cn+1 − 3Cn)
Cn+1 − 3Cn −(Cn − 3Cn−1)

)
.

Proof.

(a) It is given in Theorem 7.1 (a).

(b) Note that, from Lemma 4.4, we have

32Bn = 2Hn+1 − 6Hn.

Using the last equation and (a), we get required result.

(c) Note that, from Lemma 4.5, we have

8Bn = Cn+1 − 3Cn.

Using the last equation and (a), we get required result. �

Theorem 7.3. For all integers m,n, we have

Wn+m = WnBm+1 −Wn−1Bm (7.3)

Proof. Take r = 6, s = −1 in Soykan [28, Theorem 5.2.]. �

By Lemma 4.1, we know that

(W 2
0 +W 2

1 − 6W0W1)Bn = −W0Wn+1 +W1Wn,

so (7.3) can be written in the following form

(W 2
0 +W 2

1 − 6W0W1)Wn+m = Wn(−W0Wm+2 +W1Wm+1)−Wn−1(−W0Wm+1 +W1Wm).
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Corollary 7.4. For all integers m,n, we have

Bn+m = BnBm+1 −Bn−1Bm,

Hn+m = HnBm+1 −Hn−1Bm,

Cn+m = CnBm+1 − Cn−1Bm,

and
8Cn+m = Cn(Cm+2 − 3Cm+1)− Cn−1(Cm+1 − 3Cm).

8 CONCLUSION

In the literature, there have been so many
studies of the sequences of numbers and
the sequences of numbers were widely used
in many research areas, such as physics,
engineering, architecture, nature and art. In this
paper, we obtain some fundamental properties
of generalized balancing numbers. We can
summarize the sections as follows:

• In section 1, we give some background
about generalized Fibonacci numbers and
present a short history of balancing
numbers.

• In section 2, we define generalized
balancing sequence and then the
generating functions and the Binet
formulas have been given.

• In section 3, Simson formula of
generalized balancing numbers are
presented.

• In section 4, we obtain some identities
of generalized balancing, balancing,
modified Lucas-balancing and Lucas-
balancing numbers.

• In section 5, we consider generalized
balancing sequence at negative indices
and construct the relationship between the
sequence and itself at positive indices.
This illustrates the recurrence property
of the sequence at the negative index.
Meanwhile, this connection holds for all
integers.

• In section 6, we have written sum identities
in terms of the generalized balancing
sequence, and then we have presented
the formulas as special cases the
corresponding identity for the balancing,
modified Lucas-balancing and Lucas-
balancing sequences. All the listed

identities in the proposition and corollaries
may be proved by induction, but that
method of proof gives no clue about their
discovery. We give the proofs to indicate
how these identities, in general, were
discovered.

• In section 7, we give matrices related with
these sequences (generalized balancing,
balancing, modified Lucas-balancing and
Lucas-balancing sequences).
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