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ABSTRACT

In this paper, we investigate properties of the generalized balancing sequence and we deal with, in
detail, namely, balancing, modified Lucas-balancing and Lucas-balancing sequences. We present
Binet’s formulas, generating functions and Simson formulas for these sequences. We also present
sum formulas of these sequences. We provide the proofs to indicate how the sum formulas, in
general, were discovered. Of course, all the listed sum formulas may be proved by induction,
but that method of proof gives no clue about their discovery. Moreover, we consider generalized
balancing sequence at negative indices and construct the relationship between the sequence and
itself at positive indices. This illustrates the recurrence property of the sequence at the negative
index. Meanwhile, this connection holds for all integers. Furthermore, we give some identities and
matrices related with these sequences.
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1 INTRODUCTION

In [1], Behera and Panda introduced a new
sequence of numbers called balancing numbers.
They defined balancing numbers n as solutions
of the diophantine equation

142+ +(n—1) = (n+1)+(n+2)+ - +(n+r)

for some natural number r, called the balancer
corresponding to n. The nth balancing number
is denoted by B,. Moreover, C,, = /8B2 +1
is called the nth Lucas-balancing number (see
[2]). B, and C,, satisfy the following second order
linear recurrence relations

B, = 6Bp_1—Bp_2, Bp=0,B1=1 n2>0,
Cn 6Cp_1—Cp_2, Co=1,C1=3, n>0,
respectively. (Bn)n>o Iis the sequence

A001109 in the OEIS [3], whereas (Bn)n>o0
is the id-number A001541 in OEIS.
Balancing and Lucas-balancing sequences
has been studied by many authors and
more detail can be found in the extensive
literature dedicated to these sequences,
see for example, [1,4,5,6,7,8,9,10,11,12,
13,2,14,15,16,17,18,19,20,21,22,23].

Generalizations of balancing numbers can be
obtained in various ways (see for example
[4,7,9,10,11,12,13,21]). Our generalizations of
balancing numbers in section 2 are balancing in
the sense of [7] but are not balancing in the sense
of [4].

The purpose of this article is to generalize
and investigate these interesting sequence of

numbers (balancing numbers). First, we recall
some properties of Fibonacci numbers and its
generalizations, namely generalized Fibonacci
numbers.

The Fibonacci numbers and their generalizations
have many interesting properties and
applications to almost every field such
as architecture, nature, art, physics and
engineering. The sequence of Fibonacci
numbers {F, }.>o is defined by

F, = n71+Fn72, TLZQ, F()ZO, F=1.
The generalization of Fibonacci sequence leads
to several nice and interesting sequences. The
generalized Fibonacci sequence (or generalized
(r, s)-sequence or Horadam sequence or 2-step
Fibonacci sequence) {W,,(Wo, Wi;r,s)}n>0 (OF
shortly {Wh}.>0) is defined (by Horadam [24])
as follows:

W, = TWn_1+SWn_2, Wo = a, Wi = b, n>2

(1.1)

where Wy, W; are arbitrary complex (or real)
numbers and r,s are real numbers, see also
Horadam [25,26,27] and Soykan [28].

For some specific values of a,b,r and s, it
is worth presenting these special Horadam
numbers in a table as a specific name. In
literature, for example, the following names and
notations (see Table 1) are used for the special
cases of r, s and initial values.

Table 1. A few special case of generalized Fibonacci sequences

Name of sequence Whr(a,b;r,s) Binet Formula OEIS [3]
() ()
. . 2 2
Fibonacci W,(0,1;1,1) = F, 7 A000045
Lucas W@ 1) =L, (3%5)"+(155)" 000032
1+v2)" = (1-v2)"

Pell Wa(0,1;2,1) = P, (1+v2) 2\/5( v2) A000129
Pell-Lucas Wa(2,2;2,1) =Qn (1+v2)"+(1-v2)" A002203
Jacobsthal Wa(0,1;1,2) = J, 22" A001045

Jacobsthal-Lucas  W,(2,1;1,2) = j, 2" + (1) A014551
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Here, OEIS stands for On-line Encyclopedia of Integer Sequences.
The sequence {W,}..>0 can be extended to negative subscripts by defining
r 1
W_pn = —gVVf(nq) + ;VVf(nfz)
forn =1,2,3, ... when s # 0. Therefore, recurrence (1.1) holds for all integer n.
Now we define two special cases of the sequence {W,}. (r,s) sequence {G.(0,1;r,s)}n>0 and

Lucas (r, s) sequence {H,(2,r;r,s)}.>0 are defined, respectively, by the second-order recurrence
relations

Gny2 = 1Gpy1+8Gn, Go=0,G1 =1, (1.2)
Hn+2 = THn+1 + SHn7 Hy = 25H1 =T (13)

The sequences {Gr }n>0, { Hn }n>0 and {E,, } ,>0 can be extended to negative subscripts by defining

G-n

T 1
—-G_ n— -G_ n—2)
O+ SG(n-2)
r 1
an = ——H_ n— -H_ n—=2)
-t T ZHo(n-2)
forn =1,2,3, ... respectively. Therefore, recurrences (1.2)-(1.3) hold for all integer n.

Some special cases of (r, s) sequence {G(0, 1;7, 5) }n>0 and Lucas (r, s) sequence { H,.(2,7;7,5) }n>0
are as follows:

Gn(0,1;1,1) = F,, Fibonacci sequence,

H,(2,1;1,1) = L,, Lucas sequence,

G.(0,1;2,1) = P,, Pell sequence,

H,(2,2;2,1) = Qn, Pell-Lucas sequence,

Gn(0,1;1,2) = J,, Jacobsthal sequence,

H,(2,1;1,2) = jn, Jacobsthal-Lucas sequence.

I

The following theorem shows that the generalized Fibonacci sequence W,, at negative indices can
be expressed by the sequence itself at positive indices.

Theorem 1.1. Forn € Z, for the generalized Fibonacci sequence (or generalized (r, s)-sequence or
Horadam sequence or 2-step Fibonacci sequence) we have the following:

(a)
W = (=1 s (W, — H.Wo)
= (=)"T's (W, — H,Wp).

(b)

W B (_1)n+187n

— 2 o - _ 2 2 ).
TWE 4 sWE i, (G T W) Wo W = (W sWo)Wa)

Proof. For the proof, see Soykan [29, Theorem 3.2 and Theorem 3.3]. O

The following theorem presents sum formulas of generalized (r, s) numbers (generalized Fibonacci
numbers).
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Theorem 1.2. Let = be a real (or complex) number. For all integers m and j, for generalized (r, s)
numbers (generalized Fibonacci numbers), we have the following sum formulas:

(@) If(—s)™a? —xH,, +1# 0 then

S Wy = (2= o Wy + ()" 2" Wty Wy = ()" 20
Pt ks (—=s)ma? —xHy + 1 '
(1.4)
(b) If (—s)™z? —xH,;, +1 = u(z — a)(x —b) = 0 for some u,a,b € C withu # 0 anda # b, i.e.,
xr=aorxz=>,then
_ @42 ()™ = (4 DHm)" Wy + (=)™ (0 D2 Wi g = (=5)™ Wy

n
k
E Wkt =
k=0 e 2(—s)™ax — Hp,

(€) If(=s)™a? —aH,;, +1=u(x—c)2 =0forsomeu,c € Cwithu # 0, e, x = c, then

n (n+1) ((=)™ (n+2)2™ = 02" "L Hyp ) Wynn g j + n(n 4+ 1) (=)™ @™ Wonn g j
D Wikt = o .
k=0 2(—s)

Proof. Itis given in Soykan [29, Theorem 4.1]. O

Note that (1.4) can be written in the following form

w Ky (=)™ — Hp)e" P Wi + (=)™ e P Wi + @(Hi — (=)™ @)Wy — (=s)™ aWj_pp,
" W = (=)@ — wHp + 1 '

We give the ordinary generating function io: W,z™ of the sequence {W,}.
n=0

Lemma 1.3. Suppose that fw, (z) = i Wya™ is the ordinary generating function of the generalized

n=0

Fibonacci sequence {W, }n>0. Then, > Wyx" is given by
n=0

S Woat = Mot W = o)z (15)
opurd 1—rx— sz

Proof. For a proof, see [28, Lemma 1.1]. O

1.1 Binet’s Formula for the Distinct Roots Case and Single Root Case
Let o and 3 be two roots of the quadratic equation
22 —re—s=0, (1.6)

of which the left-hand side is called the characteristic polynomial (or the characteristic equation) of
the recurrence relation (1.1). The following theorem presents the Binet’s formula of the sequence
Wh.

Theorem 1.4. The general term of the sequence W,, can be presented by the following Binet formula:
{ W1 — ﬁWgan . W1 —OéWQ

P " g" , ifa# B (Distinct Roots Case)
(W1 —a(n—1) Wy)a™* , ifa = 3 (Single Root Case)

{ Wi = BWo \n _ Wi = oWl B , ifa # B (Distinct Roots Case)

Wi,

a—f @ a—
(nWi — 5 (n—1)Wo) (3)""" , ifa= 3 (Single Root Case)
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Proof. For a proof, see Soykan [28] and [29]. OJ

The roots of characteristic equation are

o= B (1.7)
where
A =r’+4s
and the followings hold
at+pB =
af = -—s,
(a—B)? (a+ B)* —4aB = r® + 4s.

If A = 72 +4s # 0 then a # § i.e., there are distinct roots of the quadratic equation (1.6) and if
A =r? 445 =0then a = 3, i.e., there is a single root of the quadratic equation (1.6).

In the case > + 4s # 0 so that o # 3, for all integers n, (r, s) and Lucas (r, s) numbers (using initial
conditions in Theorem 1.4) can be expressed using Binet’s formulas as

an ﬂ’n
@-5 " B-a)
Hn = an+ﬂn7

G, =

respectively. In the case r? 4 4s = 0 so that o = 3, for all integers n, (r, s) and Lucas (r, s) numbers
(using initial conditions in Theorem 1.4) can be expressed using Binet’s formulas as

n—1
G, = na ,

Hn 205n7

respectively.

2 GENERALIZED BALANCING SEQUENCE

In this paper, we consider the case r = 6,s = —1. A generalized balancing sequence {Wy}n>0 =
{Wn(Wo, Wh) }n>0 is defined by the second-order recurrence relation

Wy = 6Wn1 — Wn_o (2.1)
with the initial values Wy = ¢o, W1 = ¢1 not all being zero.
The sequence {W,}..>0 can be extended to negative subscripts by defining
Won =6W_(n-1) = W_(n—2)
forn =1,2,3, .... Therefore, recurrence (2.1) holds for all integer n.

By Theorem 1.4, the Binet formula of generalized balancing numbers can be written as

W1—ﬁWoan_ W1 — aWs
a—p a—f

Wn — ﬂn
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where o and § are the roots of the quadratic equation z> — 6z + 1 = 0.Moreover

a = 3+2V2
B = 3-2V2
Note that
a+p = 6,
aff = 1,
a—8 = 4v2.
So
W, = N=B- 2V2)Wo (342v2)" — Wi = (3+2v2)Wo (3 —2v2)". (2.2)

42 42

The first few generalized balancing numbers with positive subscript and negative subscript are given
in the following Table 2.

Table 2. A few generalized balancing numbers

n Wn an

0 Wo Wo

1 W1 6WO - Wl

2 6W1 — Woy 35Wo — 6W,

3 35W1 — 6Wy 204Wo — 35W1

4 204W; — 35Wy 1189Wy — 204W,

5 1189W; — 204W) 6930W, — 11891,

6 6930W; — 1189Wy 40391Wy — 6930W,

7 40391W1 — 6930W, 235416Wo — 40391,
8 235416W, — 40391W, 1372105Wy — 235416W,
9 1372105W1 — 235416W, 7997214Wy — 1372105W;

10 7997214W; — 13721056Wo  46611179Wo — 7997214W;

Now we define three special cases of the sequence {W,,}. balancing sequence { By }.>0, modified
Lucas-balancing sequence { H, },>o and Lucas-balancing sequence {C., }.>¢ are defined, respectively,
by the second-order recurrence relations

Bn, = 6Bn_1—Bn.2, Bo=0B =1, (2.3)
H, = 6H,1—Hn._5, Ho=2H =6, (2.4)
Cn = 6Cp_1—Cny, Co=1,C1=23 (2.5)

The sequences { B, }n>0, {Hn }n>0 and {C, }..>0 can be extended to negative subscripts by defining

B_, = 6B_(n_1) - B—(n—2)7
H*'n - 6H—(n—1) - H—(n—2)7
Cfn = 60—(71,—1) - C—(n—2)7

forn = 1,2, 3, ... respectively. Therefore, recurrences (2.3)-(2.5) hold for all integer n.

Next, we present the first few values of the balancing, modified Lucas-balancing and Lucas-balancing
numbers with positive and negative subscripts:
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Table 3. The first few values of the special second-order numbers with positive and negative

subscripts
n 0 1 2 3 4 5 6 7 8 9 10 11
Bn, 0 1 6 35 204 1189 6930 40391 235416 1372105 7997214 46611179
B_, -1 —6 —35 —204 —1189 —6930 —40391 —235416 —1372105 —7997214 —46611179
Hy, 2 6 34 198 1154 6726 39202 228486 1331714 7761798 45239074 263672646
H_, 6 34 198 1154 6726 39202 228486 1331714 7761798 45239074 263672646
Cn 1 3 17 99 577 3363 19601 114243 665857 3880899 22619537 131836 323
C_, 3 17 99 577 3363 19601 114243 665857 3880899 22619537 131836323

For all integers n, balancing, modified Lucas-balancing and Lucas-balancing numbers (using initial
conditions in Theorem 1.4) can be expressed using Binet’s formulas as

an ﬁ’ﬂ

Bn = + 5

(a=p) (B-a)
H” = a’ﬂ + ﬁn7

an +ﬁn
Cn —

respectively. Note that
H,

Next, we give the ordinary generating function >~ W,z" of the sequence {W,}.

n=0

Lemma 2.1. Suppose that fw, (x) = > Wya" is the ordinary generating function of the generalized

n=0

balancing sequence {W,},>o. Then, ioj W,z™ is given by
n=0

S n_ Wo+ (W1 —6Wo)x
> Wi = T (2.6)

n=0
Proof. In Lemma 1.3, take r = 6,s = —1. O
The previous Lemma gives the following results as particular examples.

Corollary 2.2. Generated functions of balancing, modified Lucas-balancing and Lucas-balancing
numbers are

> T
Bpz" = —
nz:;) “ 1— 6z + a2
oo
2 —6x
H,z" = ———
Z n® 1—6x+ 22’
n=0
> 1-—3z
Cpz" = —",
nz:% v 1—6x + x2

respectively.

Proof. In Lemma 2.1, take W,, = B, with Bo = 0,B, = 1, W,, = H, with Hy = 2, H; = 6 and
W,, = Cy, with Co = 1,Cy = 3, respectively. O
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3 SIMSON FORMULAS

There is a well-known Simson Identity (formula) for Fibonacci sequence {F, }, namely,
Foip1Fy oy — F2 = (—-1)"

which was derived first by R. Simson in 1753 and it is now called as Cassini Identity (formula) as well.
This can be written in the form

Fn+1 Fn _ n
Fn anl - (71) '
The following theorem gives generalization of this result to the generalized balancing sequence
{Wn}nzO-
Theorem 3.1 (Simson Formula of Generalized Balancing Numbers). For all integers n, we have
Wn+1 Wn Wl WO
Wn  Wno Wo W

Proof. For a proof of Eq. (3.1), see Soykan [30], just take s = —1. O

= — (WP 4+ W5 — 6WoWh). (3.1)

The previous theorem gives the following results as particular examples.

Corollary 3.2. For all integers n, balancing, modified Lucas-balancing and Lucas-balancing numbers
are given as

Bn+1 Bn o 1
Bn anl - ’
Hn+1 Hn
= 32,
Hn anl
Cn+1 C’n _ 8
Cn Cn—l B ’

respectively.

4 SOME IDENTITIES

In this section, we obtain some identities of generalized balancing, balancing, modified Lucas-balancing
and Lucas-balancing numbers. First, we can give a few basic relations between {W,, } and {B,.}.

Lemma 4.1. The following equalities are true:
W, = (204Wy — 35W1)Byta + (—1189Wo 4 204W1) By 43, (4.1)
= (35Wo — 6W1)Bnys + (—204Wo + 35W1) B2,
= (6Wo— W1)Bnia + (—35Wo + 6W1) By,
= WoBni1 + (Wi — 6Wy)B,,
= WiBn, —WoBpn_1,

and
Wo + WP —6WoW1)B, = (6Wo — 35W1)Whia — (35Wo — 204W1) W 43,
wa (Wo — 6W1)Wii3 — (6Wo — 35W1)Wisa,

( )

(W5 + Wi — 6WoW1) B,

(Wo + Wi — 6WoW1)By, Wi Whyo — (Wo — 6W1) Wy,
( ) —WoWny1 + WilW,,
( )

W5 + Wi — 6WoW1)B,
Wo + W1 —6WoW1)B, = (W1 — 6W0)Wn + WoW,_1.
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Proof. Note that all the identities hold for all integers n. We prove (4.1). To show (4.1), writing
Wha :axBn+4+b><Bn+3
and solving the system of equations

WO = aXB4+b><Bg
Wi = axBs+bx By

we find that a = 204W, — 35W1,b = —1189W, + 204W;. The other equalities can be proved similarly.
O

Note that all the identities in the above Lemma can be proved by induction as well.

Next, we present a few basic relations between {H,,} and {W,}.

Lemma 4.2. The following equalities are true:

16W,, = —(57TWo — 99W1)Hpta + (3363Wo — 577TW1)Hpgs,

16W, = —(99Wo — 17TW1)Hnis + (57TWo — 99W1) Hp 2,

16W, = —(17TWo — 3W1)Hnio + (99Wo — 1TW1)Hppn,

16W,, —(8Wo — Wi)Hpq1 + (1TWo — 3W1) Hy,

16W, = —(Wo—3Wi)H, + (3Wo — Wi)H,_1,

and

(Wo + WP —6WoW)H, = —2(17TWy — 99W1)Wiya + 2(99Wo — 57TW1) Wi s,
(Wa +WE —6WoW1)H, = —208Wo— 17TW1)Wois+ 2(17TWo — 99W1) Wy 42,
(W5 + Wi —6WoWi)H, = —2(Wo—3W1)Whiz +2(3Wo — 17TW1) W1,
(W5 + Wi —6WoWi)H, = —2038Wo— Wi)Wpi1 +2(Wo — 3W1)W,,
(W5 + Wi — 6WoW1)H, —2(17TWo — 3W1) Wi + 2(3Wo — W)W, 1.

Now, we give a few basic relations between {W,,} and {C,}.
Lemma 4.3. The following equalities are true:

8W, = —(B7TWo —99W1)Criya + (3363Wo — 577W1)Chss,
W, = —(99Wo — 17TW1)Crys + (57T7TWo — 99W1)Chav2,
8W, = —(1TWy—3W1)Cri2+ (99Wo — 17TW1)Chrv1,

8W, = —(8Wo—W1)Chry1 + (1TWo — 3W1)Ch,

8W,, —(Wo — 3W1)Ch + (3Wo — W1)Cr1,

and

Wg + Wi —6WoW1)C,, =
We 4+ W — 6WoW1)Ch

( ) 1TWo — 99W 1) Wi + (99Wo — 5T7TW1) Wit s,
( )

(W5 + Wi — 6WoW1)Ch

( )

( )

—(
—(3Wo — 17TW1)Wars + (1TWo — 99W1) Wy, 42,
—(Wo — 3W1) W2 + (3Wo — 1TW1) W1,
3Wo + W) Whi1 + (Wo — 3W1) W,

17TWo + 3W1) W + (3Wo — Wi)Wi_1.

W5 + Wi — 6WoW1)Ch

(_
W5 + Wi —6WoWi)Cr = (-

Next, we present a few basic relations between {B,,} and {H,}.
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Lemma 4.4. The following equalities are true:

H, = 198B,. 4 —1154B, 3,
H, = 34B,;3—198B, 2,
H, = 06Bpnia—34Bny1,
H, = 2Bpy1 —6B8,,
H, = 6B,—2B,_1,
and
32B, = 198H, 4 — 1154H, 3,
32B, = 34H,i13— 198H, 2,
32B, = 6Hn4o—34Hn1,
32B, = 2H,4+1—6H,,
32B, = 6H,—2H,_;.

Now, we give a few basic relations between {B,.} and {C,}.

Lemma 4.5. The following equalities are true:

Cn = 99B,4+4 —577Bn43,
Cn = 17Bp43—99B, 42,
Cn = 3Bn42 —17Bpy1,
Cn = Bpt1—3By,
C, = 3B,—Bn-1,

and
8B, = 99Ch44 —577Ch43,
8B, = 17Cn43 —99Ch+2,
8B, = 3Chy2—17CH 41,
8B, = Cht1—3Cy,
8B, = 3C,—Ch_1.

Next, we present a few basic relations between {H,,} and {C.. }.

Lemma 4.6. The following equalities are true:

H, = —700n+4 + 4080n+3,
H, = -—12Cn43+ 70Cp 42,
H, = -=-2Cht2+12Ch+41,
H, = 2C,,

and
2C, = —35Hn+4 + 204.Hn+37
2C, = —6Hn43+ 35Hn 2,
2C, = —Hpyo+6Hp41,
2C, = H,.
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We now present a few special identities for the generalized balancing sequence {W,, }.

Theorem 4.7. (Catalan’s identity of the generalized balancing sequence) For all integers n and m,
the following identity holds:

WosmWa—m — Wr? = (W12 + VV()2 — 6WoW1) ((—2\/54— 3>m — (2\/5-‘!- 3)m)2

_1
32
Proof. We use the identity (2.2). O

As special cases of the above theorem, we have the following corollary.

Corollary 4.8. For all integers n and m, the following identities hold:
(@) BotmBo-m — B =~ ((-2v2+3)" - (2v2+ 3)’”)2.

(b) HoomHoon — HE = ((-2v2+3)" = (2v2+ 3)’")2 :

(©) CuinCrm —C2 =14 ((-2v24+3)" — (2v3+3)")".

Note that for m = 1 in Catalan’s identity of the generalized balancing sequence, we get the Cassini
identity for the generalized balancing sequnce.

Theorem 4.9. (Cassini’s identity of the generalized balancing sequence) For all integers n, the
following identity holds:

Wi W1 — W2 = —(W12 +WE - 6WoW).
As special cases of the above theorem, we have the following corollary.

Corollary 4.10. For all integers n, the following identities hold:

(@) Bni1Bn1— B2 =—1.
(b) Hypy1Hno1 — H2 = 32.
(€) Cpy41Cpn-1 —CE=38.

The d’Ocagne’s, Gelin-Cesaro’s and Melham’ identities can also be obtained by using (2.2). The
next theorem presents d’Ocagne’s, Gelin-Cesaro’s and Melham’ identities of generalized balancing
sequence {W,}.

Theorem 4.11. Letn and m be any integers. Then the following identities are true:

(@) (d’Ocagne’s identity)
WoniiWan — Wi Wit = 2V2(WE + W — 6WoW1)((—2v2 + 3)™(2V2 + 3)" — (—2v2 +
3)"(2v2+3)™).

(b) (Gelin-Cesaro’s identity)
WsoWair i Wao 1 Wamo = Wit = ST(WE + W5 —6WolW1)(—((3-2v2)*" +(3+2v/2)*" — 1229)
Wi = ((3=2v2)" (17T +12v2) — (3+2v2)*" (=17 + 12v2) — ZZ)WF +2((3 —2v2)** (3 +
2v2) — (=3 +2v2)(3 + 2v2)*" — YW WA).

(c) (Melham’s identity)
Wit WapaWaie — Wi = —2(WE+ W5 —6WoW1)(—((3—2v2)"(—5180+3669v/2) — (3+
21/2)" (5180 + 3669v/2)) W1 + ((3 — 2v/2)™(—864 + 647+/2) — (3 + 21/2)™(864 + 647+/2))Wo).
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Proof. Use the identity (2.2). O

As special cases of the above theorem, we have the following three corollaries. First one presents
d’Ocagne’s, Gelin-Cesaro’s and Melham’ identities of balancing sequence {B,}.

Corollary 4.12. Letn and m be any integers. Then the following identities are true:
(@) (d’Ocagne’s identity)
1
Bm+1Bn — B Bny1 = g\/i((—zﬂ +3)"(2V2+3)" — (=2V2 +3)"(2vV2+ 3)™).

(b) (Gelin-Cesaro’s identity)

37 on 1226

Bn+2Bn+1Bn71Bn72 - Bi = _E((S - 2\/5)277, + (3 + 2\/5) 37 )
(c) (Melham’s identity)
Bp41Bnt2Bnys— B2y = é((372\/§)"(75180+3669\/§) - ((3 + 2&))” (5180 +3669v/2)).

Second one presents d’Ocagne’s, Gelin-Cesaro’s and Melham’ identities of modified Lucas-balancing
sequence {H,}.

Corollary 4.13. Letn andm be any integers. Then the following identities are true:
(a) (d’Ocagne’s identity)
Hupi1Hy — HpnHns1r = —4V2((—2V2 4 3)™ (2V2 + 3)" — (=2v2 + 3)"(2v2 + 3)™).

(b) (Gelin-Cesaro’s identity)

122
HupoHpi1Hoo1Hooo — Hpy = 1184((3 — 2v2)™" + (3 + 2v2)*" + 3—76).

(c) (Melham’s identity)
Hy1HooHnyo— Hp s = 32(—(3—2v/2)"(—3669 + 2590v/2) + (34 2v/2)" (3669 + 2590v/2)).
Third one presents d’'Ocagne’s, Gelin-Cesaro’s and Melham’ identities of balancing sequence {C.. }.
Corollary 4.14. Letn andm be any integers. Then the following identities are true:
(a) (d’Ocagne’s identity)
Crt1Cn — CCrs1 = —V2((—=2V2 4 3)™(2V2 4+ 3)" — (=2V2 + 3)"(2V2 + 3)™)

(b) (Gelin-Cesaro’s identity)

1226

Cn+2on+10n710n72 - C»i = 74((3 - 2\/5)2n + (3 + 2\/5)2n + ?)

(c) (Melham’s identity)

Cn1Cni2Cni6 — Ch 5 = 4(—(3 — 2v/2)"(—3669 + 2590v/2) + (3 + 2v/2)™ (3669 + 2590v/2))
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5 ON THE RECURRENCE PROPERTIES OF GENERALIZED
BALANCING SEQUENCE

Taking » = 6,s = —1 in Theorem 1.1 (a) and (b), we obtain the following Proposition.

Proposition 5.1. Forn € Z, generalized balancing numbers (the case r = 6,s = —1) have the
following identity:

-1 W W Wa IV, W2 - W2AW
= 2 - n - - n).
_”12_”02-1—6W()Wl(( 1= 6Wo)WoWnia — (W 0)Wa)

From the above Proposition, we have the following corollary which gives the connection between
the special cases of generalized balancing sequence at the positive index and the negative index:
for balancing, modified Lucas-balancing and Lucas-balancing numbers: take W,, = B,, with By =
0, By = 1, take W,, = H,, with Hy = 2, H; = 6 and W,, = C,, with Cy = 1,Cy = 3, respectively. Note
that in this case H,, = H,.

Corollary 5.2. Forn € Z, we have the following recurrence relations:

(a) balancing sequence:
a’ﬂ ﬂn
B_n=—-B,=— + .
((a -B) B —a)>
(b) modified Lucas-balancing sequence:
H_,=H,=a"+p".
(c) Lucas-balancing sequence:

C_nzcn:#_

6 THE SUM FORMULA 7 %1V, ;

The following theorem presents sum formulas of generalized balancing numbers.

Theorem 6.1. Letx be a real (or complex) number. For all integers m and j, for generalized balancing
numbers we have the following sum formulas:

(@) ifz? — xHm + 1 # 0 then

(6.1)

i R Gl Hp) " M Wenngj + 2" M Wonngjom + W, — aW,_y,
X mk+j 2 H 1
k=0 e —xHp +

(b) Ifx? —xHp 4+ 1= (xz—a)(z—b) =0 for some u,a,b € Cwithu #0 anda # b, i.e., x = a or
x = b, then

=L . (24+n)ze—(n+ 1)Hmn)x"Winnt; + (n+ 1D)2"Wengj—m — Wi—m
E x ka+j =
= 2z — Hoy

(c) Ifz? —xH,, +1=(x—c)> =0 forsomeu,cc Cwithu #0, i.e., z = c, then

"\ (n4+1)((n+2)z™ —nz™ " Hyo) Wintj +n(n 4+ 1)z Wnti—m
Zl‘ ka+j = 2 .
k=0
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Proof. Taker = 6,s = —1 and H,, = H, in Theorem 1.2. (J

Note that (6.1) can be written in the following form

Zn:ka L (m - Hm)xn+1Wmn+j + -T7L+1Wmn+jfm + m(Hm - m)W] - ijfm
k=1 e % —xHpm + 1 '

As special cases of m and j in the last Theorem, we obtain the following proposition.

Proposition 6.2. For generalized balancing numbers (the case r = 6,s = —1) we have the following
sum formulas:
(@ (m=1,j=0)

Ifz? —6x4+1#0,ie,x#3+2V2 x#3—2v2, then

zn:ka (x— 6)z" MW, + 2" T W,y + (W — 6Wo)z + W
Pt k= 2 —6z+1 ’

and
ifz? —6x+1=0,ie,z=3+2vV2o0rz=3—2v2, then

ikak 2z —-6+n(z—06)c" Wy + (n+ 1)a"Wy_1 + (W1 — 6Wp)
- 2x — 6
k=0

(b) (m=2,;=0)
Ifx? — 34z +1#0, ke, x # 17+ 12V2, x # 17 — 12v/2, then

Z": W = (z — 34)z" ' Way, + 2" Wap—g + (6W1 — 35Wo)z + Wo

2 b
— T 34x + 1

and
ifz? —34z+1=0,ie,x =174+ 12v/2 orz = 17 — 12v/2, then

zn:mk”, (230 — 34+ n(:c — 34))50” Wan + (TL + 1)$ Wap—2 + (6”1 - 35H/0)
2k

= 20 — 34

k=0

() (m=2,j=1)
Ifz? =34z +1#0, ie,x # 17+ 12V2, x # 17 — 12v/2, then

zn:ka _ (x —34)z" " Wapi1 + 2" Wap_y + (W1 — 6Wo)z + W
L™ TR 22 — 34z + 1 ’

and
ifz? =34z +1=0,ie,x =174+ 12v/2 orz = 17 — 12v/2, then

° k . ((2 + n):c — 34(n + 1))1‘”W2n+1 =+ (n =+ 1)23'"W2n71 =+ (Wl — GWO)
D @ Wk = 2z — 34 '
k=0

(d) (m=-1,7=0)
Ifz? —6z4+1#0,ie.,x#3+2V2 x#3—2v2, then

A "W + (= 6)z" W, — Wiz + W
E X Wfk = )
2 —6x+1

k=0
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and
ifz> —6x+1=0,ie,z=3+2v2o0rz=3—2V2, then

P (n4+1)z"W_rns1 + (22 — 6 +n(x —6))z"W_,, — W1
Zx Wer = 2rx — 6 ’
k=0

(e) (m=-2,j=0)
Ifz? — 34z +1#0, ie,x # 17+ 122, = # 17 — 12v/2, then

2 "W _gpio + (z — 34)z™ T W_o, — 2Wa + W
E X W72k; = ) )
= 2 —34x+1

and
ifz? — 34z +1=0,ie,z =174+ 122 orz = 17 — 12V/2, then

"\ (n+1)z"W_onyo + (22 — 34+ n(x — 34))a" W_o, — W2
E " W_gr = .
P 2z — 34

() (m=-2,j=1)
Ifa? —34x +1+#0,ie,x# 17+ 122,z # 17 — 12V/2, then

A " Wognys + (@ — 34) 2" T Wogpi1 — Wiz + W
E T W_ogy1 = B} )
Pt x?2 —34x+ 1

and
ifz?> — 34z +1=0, e,z =174+ 12v/2 orz = 17 — 12V/2, then

"L (n4+ 1)z "W_onis + (22 — 34+ n(z — 34)) 2" W_2nt1 — Wa
E x W72k+1 = .
= 2x — 34

From the above proposition, we have the following corollary which gives sum formulas of balancing
numbers (take W,, = B,, with B; = .0, B1 = 1).

Corollary 6.3. Forn > 0, balancing numbers have the following properties:

(@ (m=1,j=0)
Ifz? —6x4+1#0,ie,x#3+2V2 x#3—2v2, then

i B — (z — 6)x”+1Bn +2"1B, 14z
= k 2 —6x+ 1 ’

and
ifz? —6x+1=0,ie,z=342V2o0rz=3-2V2, then

ika (22 —6+n(x—6))2"By+(n+1)z"Bp1+1
=0 b 2z — 6 ’

(b) (m=2,;=0)
Ifz? =34z +1#0, e,z # 17+ 12V2, 2 # 17 — 12V/2, then

z": g, — (@= 30" Boy + 2" Bay 5 + 6z
2k 22 — 34z + 1 ’

k=0
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and
ifz? =34z +1=0,ie,z =17+ 12v/2 orz = 17 — 12v/2, then

"L 2z — 34+ n(x —34))z"Ban + (n+ 1)2" Bapn—2 + 6
E " Bop = .
P 2 — 34

() (m=2,j=1)
Ifz? =34z +1#0, e,z # 17+ 12V2, 2 # 17 — 12V/2, then

I

i g = (=30 Bangy + 0" Byt + 1
P 2h+ 2 —34x +1

and
ifz? — 34z +1=0,ie,x =174+ 12v2 orz = 17 — 12V/2, then

"~ k o ((2 =+ n)a: — 34(71 + 1))$ntn+1 + (TL + 1).%‘”32”,1 + 1
E " Bogy1 = .
P 20 — 34

(d) (m=-1,=0)
Ifa? —6x+1#0,ie,x#3+2V2 x#3—2V2, then

)

n n+1 _ n+1 _
kaB—k _z B_p11 —l; (x—6)2"""B_, —x
Pt 2 —6x+1

and
ifz? —6x+1=0,ie,z=34+2V2o0rz=3—2V2, then

" (n+ 12" B_pi1+ (22 — 6 +n(z —6))z"B_, — 1
ZQZ B,k = .
2¢ — 6
k=0
(e) (m=-2,j=0)
Ifz? — 34z +1#0, ie,x # 17+ 122, x # 17 — 12v/2, then

)

"\ "M B_gnyo + (x — 34)z" T B_y, — 62
g " B_op = 5
= z? —34x + 1

and
ifz?> — 34z +1=0, e,z =174+ 12v2 orz = 17 — 12V/2, then

=k (n+1)z"B_2ny2 + (22 — 34+ n(x — 34))a"B_2, — 6
E x B_Qk; = .
= 2z — 34

(f) (m=-2,j=1)
Ifx? =34z +1#0, ke, x # 17+ 12V2, x # 17 — 12v/2, then

Zn: ka _ 3}"+1B_2n+3 + (3;‘ — 34)l‘n+1B_2n+1 —35x+1
= —2ktl x2 —34r +1 ’

and
ifz? =34z +1=0,ie,z =17+ 12v/2 orz = 17 — 12v/2, then

"\ (n+1)x"B_ont3 + (22 — 34+ n(z — 34))x" B_2n4+1 — 35
E X B—2k+1 = .
P 2z — 34
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Taking W,, = H, with Ho = 2, H; = 6 in the last proposition, we have the following corollary which
presents sum formulas of modified Lucas-balancing numbers.

Corollary 6.4. Forn > 0, modified Lucas-balancing numbers have the following properties:

(@ (m=1,j=0)
Ifa? —6x+1+#0,ie,x#3+2V2 x#3—2V2, then

imkH _ (z— 6)m"+1Hn + 2" H,_1 — 6x + 2
= F 2 —6r+1 ’

and
ifz> —6x+1=0,ie,z=3+2v2o0rz=3—2V2, then

Zn k 2z —64+n(z—06)2"Hy+(n+1)a"Hp1 — 6
X Hk = .
P 2z — 6

(b) (m=2,;=0)
Ifz® =34z +1#0, e,z # 17+ 12V2, 2 # 17 — 12V/2, then

i S E (r — 34)m"+1H2n 4+ 2"t Hop o — 3424+ 2
2= 72 — 34z + 1 ’

k=0

and
ifz®> — 34z +1=0, i€,z =174+ 12v/2 orz = 17 — 12V/2, then

"k 2z — 34+ n(x —34))z"Han + (n + 1)x" Hapn—2 — 34
E x" Hay = .
P 2z — 34

() (m=2,j=1)
Ifz? =34z +1#0, e,z # 17+ 122, 2 # 17 — 12V/2, then

il’kH _ (I — 34)$n+1H2n+1 +$n+1H2n71 —6x+6
L™ ek 22 — 34z + 1 ’

and
ifz®> — 34z +1=0, i€,z =174+ 122 orz = 17 — 12V/2, then

"k _(2+n)z—34(n+1))a"Hopny1 +(n+1)z"Happ1 — 6
E " Hopy1 = .
pard 2z — 34

(d) (m=-1,=0)
Ifa? —6x+1+#0,ie,x#3+2V2, x#3—2V2, then

n n+1 _ n+1 _
Zl‘kH_k _ X H7n+1 + ($ 6)I an 6x + 2

2 _ )
— T 6x + 1

and
ifz> —6x+1=0,ie,z=3+2v2o0rz=3—2V2, then

Zn k (n+1)ax"H_pny1+ 2z —6+n(x—6))z"H_, — 6
X H_k = .
= 2z — 6
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(e) (m=-2,j=0)
Ifz? — 34z +1#0, ie,x # 17+ 12V2, x # 17 — 12v/2, then

Z": FH "N H _5pi0 + (x — 34)z" T H 5, — 34z + 2
— —2k = 2 —34x +1 ’

and
ifz®> — 34z +1=0, e,z =174+ 122 orz = 17 — 12V/2, then

- (n+1)ax"H_ont2+ (22 — 34+ n(x — 34))a" H_2, — 34
X H_Qk = .
k;) 20 — 34

(f) (m=-2,7=1)
Ifz® =34z +1#0, e,z # 17+ 122, 2 # 17 — 12V/2, then

A "N H s+ (2 —34)z" M H 5,01 — 1982 4+ 6
E 2 H o1 = ) ’
— x?2 —34x + 1

and
ifz®> — 34z +1=0,ie,z =17+ 122 orz = 17 — 12V/2, then

" (n+1)2"H_o9p+3 + (22 — 34 + n(x — 34))2" H_2,41 — 198
E x H o1 = .
P 2 — 34

From the above proposition, we have the following corollary which gives sum formulas of Lucas-
balancing numbers (take W,, = C,, with Co = 1,C; = 3).
Corollary 6.5. Forn > 0, Lucas-balancing numbers have the following properties:

(@ (m=1,7=0)
Ifz? —6z4+1#0, e,z #3+2V2 x#3—2v2, then

)

Xn:ka _(z— 6)z" ™ C, + 2" Cho — 32+ 1
— B 2 —6x+1

and
ifz? —6x+1=0,ie,z=3+2vV2o0rz=3—2V2, then

- (22 —6+n(z—6))2"Cr+ (n+1)2"Cr—1 — 3
Zl‘ Ck = .
= 2z — 6

(b) (m=2,;=0)
Ifz? — 34z +1#0, ie,x # 17+ 12V2, x # 17 — 12v/2, then

zn:xkc _ (z — 34)30"“0% + 2" 00 — 172+ 1
L 2k 22 — 34z + 1 '

and
ifz?> — 34z +1=0, e,z =174+ 12v/2 orz = 17 — 12V/2, then

"\ 2z =34+ n(z —34))x"Con + (n + 1)x"Con_2 — 17
E z"Coy = .
Pt 2 — 34
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(€) (m=2,j=1)
Ifz? — 34z +1#0, ke, x # 17+ 12V2, = # 17 — 12v/2, then

i ka _ (Z‘ — 34)1'n+102n+1 =+ $n+102n71 —3x+3
R 22 — 34z + 1 ’

and
ifz?> — 34z +1=0,ie,z =174+ 122 orz = 17 — 12V/2, then

L (24+n)x—34(n+1))2"Cons1 + (n+ 1)z"Copn—1 — 3
g x C2k+1 = .
prd 2z — 34

(d) (m=-1,=0)
Ifz? —6x+1#0, ie,x#3+2V2, z #3—2V2, then

U "0 4+ (z—6)z" M Co, =3z + 1
§ 2 Cp = 2 ;
= z? —6x+1

and
ifz? —6x+1=0,ie,z=3+2vV2o0rz=3—2v2, then

" (n+1)z"Ceny1+ 2z —6+n(x —6))z"C_p, — 3
E x C_k = .
— 2z — 6

Ifa? —34x +1#0, ie,x # 17+ 122, x # 17 — 12V/2, then

A 2" C gn e + (z— 34)x"+1C,2n — 172z +1
E a C-Qk = 2 5
= 2 —34x +1

and
ifz? — 34z +1=0,ie,z =174+ 122 orz = 17 — 12V/2, then

U (n+1)z"Cont2 + (22 — 34 + n(x — 34))z"C_2p, — 17
E T 072/{ = .
Pt 2x — 34

(f) (m=-2,j=1)
Ifz? — 34z +1#0, ie,x # 17+ 12V2, x # 17 — 12v/2, then

A 2" C gnis + (2 — 34)2" M C o — 992 + 3
E T C—2k+1 = B} ’
P x2 —34x +1

and
ifz®> — 34z +1=0,ie,z =174+ 122 orz = 17 — 12V/2, then

. (n+1)z"C_2n43 + 2z — 34 + n(x — 34))z"C_2n41 — 99
E x Coopp1 = .
= 2z — 34

Taking z = 1 in the last three corollaries we get the following corollary.

Corollary 6.6. Forn > 0, balancing numbers, modified Lucas-balancing numbers and Lucas-balancing
numbers have the following properties:
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(@) Yoo B = §(5Bn = Bua — 1).

(b) 525 Bax = 35(33B2n — Bana = 6).

(€) Yk Bor+1 = 35(33B2nt1 — Ban—1 — 2).

(@) 3o Bk = §(=Bons1 + 5B +1).

(€) Y7o Bz = g3(~B-zns2 + 33B2, +6).

() S50 Boais = 35(—Banss +33B-ania + 34).

(@) o Hi = 5(5Hn — Huor +4).

(b) >0 o Hox = 55(33Han — Han o + 32).

(€) > r_oHor1 = 3%(33H2n+1 — Hop—1).

() o Hor=3(—Hont1+5H_p +4).

(€) >r_oH 2k = 55(—H 2n42 + 33H 2, + 32).

() >r_oH 2k41 = 35 (—H 2n43 + 33H 2,11 + 192).

@ > _Ck=3(Cn —Cn_1+2).

(b) Y i o Cok = 35(33C2n — Can_2 + 16).

(€) Yoh_o Cort1 = 35(33C2n41 — Can—1).

(d) X0 Cok = 2(—Cpi1 +5C_n +2).

(€) > oC2k = 35(—C2n42 + 33C_2n + 16).

() > o Czks1 = 35 (—C_2n43 4+ 33C_2n41 + 96).

7 MATRICES RELATED WITH GENERALIZED BALANCING
NUMBERS

We define the square matrix A of order 2 as:

such that det A = 1. Then, we have
Wn+1 _ 6 —1 Wn
()= (0 ) (et ) o)
Wi N\ _ (6 —1\"( W
W L1 0 Wo )~
If we take W,, = B,, in (7.1) we have

(5 )=(v @) ) &
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We also define
_ Bn+1 _Bn
Bn a < Bn 7Bn71 >

_ Wn+1 —Wh
Cn o ( Wn —VWn-1 ) '

and

Theorem 7.1. For all integers m,n, we have
(@) B, = A"
(b) C1A™ = A",
(¢) Crim = CpBm = BnCh.
Proof. Take » = 6, s = —1 in Soykan [28, Theorem 5.1.]. O

Corollary 7.2. For all integers n, we have the following formulas for the balancing, modified Lucas-
balancing and Lucas-balancing numbers.

(a) balancing Numbers.
mw (6 —=1\" [ Buy1 —Bn
ve(F ) = (5 )
(b) Modified Lucas-balancing Numbers.

a6 -1 " ( 3Hny1— Hn —(Hpy1 —3Hy)
1 0 H,1 —3H, —(H,—-3H._1) )"

16
(¢) Lucas-balancing Numbers.

(6 -1 "1 3Cus1—Cn —(Cusr —3Cy)
1 0 8\ Cny1—3C, —(Cn—3Cn_1) )’

Proof.

(a) Itis givenin Theorem 7.1 (a).
(b) Note that, from Lemma 4.4, we have

328, = 2H,+1 — 6H,,.

Using the last equation and (a), we get required result.
(c) Note that, from Lemma 4.5, we have

8B, = Crt1 — 3C,.

Using the last equation and (a), we get required result. O

Theorem 7.3. For all integers m,n, we have
Wiim = WnBmi1 — Wn_1Bm (7.3)
Proof. Take r = 6, s = —1 in Soykan [28, Theorem 5.2.]. O
By Lemma 4.1, we know that
(W& + Wi — 6WoW1) By, = —WoWai1 + WilW,,

s0 (7.3) can be written in the following form

(W02 + Wi — WoW1)Whpm = W (—WoWnio + WilWpi1) = Woo1 (—WoWip1 + WilVi,).
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Corollary 7.4. For all integers m,n, we have

Bn+m

Hn+m

Cn+m

and

8Cn+m - Cﬂ,(cm+2 - 3Cm,+1) - Cn—l(Cm+l

8 CONCLUSION

In the literature, there have been so many
studies of the sequences of numbers and
the sequences of numbers were widely used
in many research areas, such as physics,
engineering, architecture, nature and art. In this
paper, we obtain some fundamental properties
of generalized balancing numbers. We can
summarize the sections as follows:

e In section 1, we give some background
about generalized Fibonacci numbers and

present a short history of balancing

numbers.

e In section 2, we define generalized
balancing sequence and then the
generating functions and the Binet
formulas have been given.

e In section 3, Simson formula of
generalized balancing numbers are
presented.

In section 4, we obtain some identities
of generalized balancing, balancing,
modified Lucas-balancing and Lucas-
balancing numbers.

In section 5, we consider generalized
balancing sequence at negative indices
and construct the relationship between the
sequence and itself at positive indices.
This illustrates the recurrence property
of the sequence at the negative index.
Meanwhile, this connection holds for all
integers.

In section 6, we have written sum identities
in terms of the generalized balancing
sequence, and then we have presented
the formulas as special cases the
corresponding identity for the balancing,
modified Lucas-balancing and Lucas-
balancing sequences. All the listed

99

Ban+1 - anlBrru
Han+1 - anlea
CanJrl - Cnle'nu

— 3Cm).

identities in the proposition and corollaries
may be proved by induction, but that
method of proof gives no clue about their
discovery. We give the proofs to indicate
how these identities, in general, were
discovered.

In section 7, we give matrices related with
these sequences (generalized balancing,
balancing, modified Lucas-balancing and
Lucas-balancing sequences).
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